Skew braces of size $p^2q$ II: non-abelian type by Acri, E. & Bonatto, M.
ar
X
iv
:2
00
4.
04
23
2v
2 
 [m
ath
.G
R]
  1
0 A
pr
 20
20
SKEW BRACES OF SIZE p2q II: NON-ABELIAN TYPE
E. ACRI AND M. BONATTO
Abstract. In this paper we enumerate the skew braces of non-abelian type of size p2q for p, q primes by
the classification of regular subgroups of the holomorph of the non-abelian groups of the same order. This
works completes the enumeration of skew braces of size p2q started in [1]. In some cases, we provide also a
structural description of the skew braces.
1. Introduction
The set-theoretical Yang–Baxter equation (YBE) was introduced in [12] as a discrete version of the braid
equation. A pair (X, r) where X is a set and r is a map r : X ×X → X ×X , is a set-theoretical solution to
the Yang–Baxter equation if
(1) (idX × r)(r × idX)(idX × r) = (r × idX)(idX × r)(r × idX)
holds. A solution (X, r) is non-degenerate if
(2) r : X ×X −→ X ×X, (x, y) 7→ (σx(y), τy(x)),
where σx, τx are permutations of X for every x ∈ X . Non-degenerate solutions have been studied intensively
over the past years [13, 14, 17, 24].
In order to describe non-degenerate involutive solutions, that is solutions satisfying r2 = idX×X , Rump
introduced a ring-like binary algebraic structure called brace in [20]. Later skew (left) braces have been
defined by Guarnieri and Vendramin in [15], to capture also non-involutive solutions.
A skew (left) brace is a triple (A,+, ◦) where (A,+) and (A, ◦) are groups (not necessarily abelian) such
that
a ◦ (b+ c) = a ◦ b− a+ a ◦ c
holds for every a, b, c ∈ A. Braces are skew braces with abelian additive group.
The problem of finding non-degenerate solutions to (1) is closely related to the classification problem
for skew braces. Indeed in [5], a canonical structure of skew brace over a permutation group related to a
non-degenerate solution has been described and it has been shown how to recover all the non-degenerate
solutions with a given associated skew brace. So, in a sense, the study of non-degenerate solutions to (1)
can be reduced to the classification of skew braces.
Some recent results on the classification problem for (skew) braces are, for instance: the classification of
braces with cyclic additive group [21, 22], skew braces of size pq for p, q different primes [2], braces of size
p2q for p, q primes with q > p+ 1 [11], skew braces of size p2q with cyclic p-Sylow subgroup and p > 2 [7],
skew braces of size 2p2 [10], braces of order p2, p3 where p is a prime [4], skew braces of order p3 [18] and
skew braces of squarefree size [3].
This paper is the second part of the enumeration and classification of skew braces of size p2q where p, q are
different primes. In [1], we dealt with the left braces. In this paper, we complete the classification focusing
on the skew braces with non-abelian additive group.
In [7] the authors partially obtained the same results, through the connection between skew braces and
Hopf-Galois extensions explained in [23] (and they also claim that the missing cases are the subject of a
second paper in preparation).
The main tool in this paper is the algorithm for the construction of skew braces with a given additive group
developed in [15] (we used the same approach in [2]). We obtain all the skew braces with additive group A
from regular subgroups of its holomorph Hol(A) = A⋊Aut(A). The isomorphism classes of skew braces are
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parametrized by the orbits of such subgroups under the action by conjugation of the automorphism group
of A in Hol(A), [15, Section 4].
We enumerate the skew braces according to their additive group, and the structure of the paper is displayed
in the following table. The classification of the groups of size p2q can be found in [6] and the description of
their automorphism groups in [8].
Groups Sections
p = 1 (mod q) Zp2 ⋊t Zq 3.1
Gk 3.2, 3.3, 3.4, 3.5
p = −1 (mod q) GF 4
q 6= 1 (mod p) Zq ⋊r Zp2 5.1
q = 1 (mod p), Zp × (Zq ⋊r Zp) 5.2
q = 1 (mod p2) Zq ⋊hp Zp2 6.1
Zp × (Zq ⋊hp Zp) 6.2
Zq ⋊h Zp2 6.3
The enumeration results are collected in suitable tables in each section. The skew braces of non-abelian
type of size 2p2 have been enumerated by Crespo, so we do not include tables for this case and we refer the
reader to [10, Section 5].
2. Preliminaries
A skew (left) brace is a triple (B,+, ◦) where (A,+) and (B, ◦) are groups and
a ◦ (b+ c) = a ◦ b− a+ a ◦ c
holds for every a, b, c ∈ A. We say that a skew brace (B,+, ◦) is of χ-type if (B,+) has the group theoretical
property χ.
A bi-skew brace is a skew brace (B,+, ◦) such that (B, ◦,+) is also a skew brace (see [9]). Equivalently
x+ (y ◦ z) = (x+ y) ◦ x′ ◦ (x+ z)
holds for every x, y, z ∈ B, where x′ denotes the inverse of x in (B, ◦).
Given a skew brace (B,+, ◦), the mapping
λ : (B, ◦)→ Aut(B,+), λa(b) = −a+ a ◦ b,
is a homomorphism of groups.
A subgroup I of (B,+) is a left ideal of A if λa(I) ≤ I for every a ∈ B. Every left ideal is a subgroup of
(I, ◦). For instance
Fix(B) = {a ∈ B : λb(a) = a, for every b ∈ B}
is a left brace.
If I is also a normal subgroup of both (B,+) and (B, ◦) then I is called an ideal.
2.1. Skew braces and regular subgroups. In order to classify all skew braces of non-abelian type of size
p2q where p, q are primes, we are going to apply the same ideas as in [1], where we obtained a classification
of skew braces of abelian type (also called left braces). We are going to exploit the connection between skew
braces with given additive group A and regular subgroups of the holomorph of A, as explained in [15]. Such
connection is summarized in the following theorem.
Theorem 2.1. [15, Theorem 4.2, Proposition 4.3] Let (A,+) be a group. If ◦ is an operation such that
(A,+, ◦) is a skew brace, then {(a, λa) : a ∈ A} is a regular subgroup of Hol(A,+). Conversely, if G is a
regular subgroup of Hol(A,+), then A is a skew brace with
a ◦ b = a+ f(b)
where (π1|G)−1(a) = (a, f) ∈ G and (A, ◦) ∼= G.
Moreover, isomorphism classes of skew braces over A are in bijective correspondence with the orbits of
regular subgroups of Hol(A) under the action of Aut(A) by conjugation.
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We can take advantage of the classification of groups of size p2q for odd primes provided in [6, Proposition
21.17] and of size 4q in [16] and of the description of their automorphism given in [8] to compute the orbits
of regular subgroups under the action by conjugation of Aut(A) on Hol(A). The enumeration of such regular
subgroups will provide the enumeration of skew braces of the same size, according to Theorem 2.1.
As in [1], in some cases, we will use the connection between a regular subgroup and the multiplicative
group structure of the associated skew braces, to explicitely compute the operations of the skew braces.
Remark 2.2. Let (A,+) be a group and G a regular subgroup of Hol(A). According to Theorem 2.1,
(A,+, ◦) where
a ◦ b = a+ π2((π1|G)
−1(a))(b)
for every a, b ∈ A is a skew brace. In other words, λa = π2((π1|G)−1(a)) and so | kerλ| =
|G|
|pi2(G)|
.
In [1] we described a technique, inspired by [19, Section 2.2], to obtain the conjugacy classes we are looking
for. Let us briefly recall it. We denote by
π1 : Hol(A) −→ A, (a, f) 7→ a and π2 : Hol(A) −→ Aut(A), (a, f) 7→ f,
the canonical surjections. We identify an element of the holomorph (a, f) ∈ Hol(A,+) with a permutation
over the underlying set A acting as (a, f) · x = a + f(x) for every x ∈ A. A subgroup G of Hol(A) is said
to be regular if the corresponding set of permutations is a regular subgroup of SA (i.e. the natural action is
transitive and it has trivial stabilizer).
In particular, the following are equivalent for every (a, f), (b, g) ∈ G:
• π1(a, f) = π1(b, g).
• (a, f)−1(b, g) ∈ H = G ∩ ({1} ×Aut(A)).
Therefore the mapping π1 restricted to G factors through the canonical projection onto the set of cosets
with respect to the subgroup H . If |G| is finite, |H | divides |G| and so |G| = |H ||π1(G)| and |π1(G)| divides
the size of G.
Lemma 2.3. [1, Lemma 2.5] Let A be a finite group and G ≤ Hol(A). The following are equivalent:
• G is regular.
• |A| = |G| and π1(G) = A.
• |A| = |G| and G ∩ (1×Aut(A)) = 1.
Lemma 2.4. Let A be a group and G = 〈uiαi, i ∈ I〉 ≤ Hol(A) where ui ∈ A, αi ∈ Aut(A) for i ∈ I. Then:
(1) π1(G) ⊆ 〈αni (u
m
j ), i, j ∈ I, n,m ∈ Z〉;
(2) if αi(ui) = ui then 〈ui〉 ⊆ π1(G).
Proof. The claims follow since
uiαiujαj = uiαi(uj)αiαj
and so π1(uiαiujαj) = uiαi(uj) for every i, j ∈ I. 
In order to show that a subgroup of the holomorph is regular or not we will make use of Lemma 2.3 and
Lemma 2.4. In most of the cases we will omit the explicit computations.
The map π2 is a group homomorphism and, if G is a regular subgroup of HolA, the size of π2(G) divides
both |(A,+)| and |Aut(A,+)|, so we can compute the regular subgroups according to their size under π2.
The unique trivial skew brace over A is clearly associated to groups with trivial image under π2.
Let assume that the image under π2 has size k. The conjugacy class of the image under π2 in Aut(A) is
invariant under conjugation. For a given representative of conjugacy classes of subgroups of Aut(A), we can
also fix the kernel of π2 up to the action of the normalizer of the image of π2. According to these invariants
we compute a list of non-conjugate regular subgroups with size of image under π2 equal to k. Such invariants
do not identify a conjugacy class of regular subgroups in the sense of Theorem 2.1, and so we need also to
employ some further invariant to provide a list of non-conjugate regular subgroups.
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An example of such invariant is the following: let H be a normal subgroup of Hol(A) and let h ∈ Hol(A).
The following diagram is commutative:
(3) Hol(A)


ĥ
// Hol(A)


Hol(A)/H
ĥH
// Hol(A)/H
where ĥ, ĥH are the inner automorphisms and the unlabeled arrows are the canonical homomorphisms.
If G and G′ are regular subgroups of Hol(A) conjugate by h ∈ Aut(A) then their images in the quotient
Hol(A)/H are conjugate by hH. So the conjugacy class of the image in the factor Hol(A)/H is invariant up
to conjugation.
So, for each possible values of k we need to:
• find the conjugacy classes of subgroups of size k of Aut(A,+).
• The kernel of π2 is a subgroup of (A,+). So we need to find a set of representatives of the orbits of
subgroups of size |A|
k
of A, under the action of the normalizer of the image of π2 on A.
As a general strategy, we show a list of representatives of regular subgroups and then we prove that any
regular subgroup is conjugated to one of the groups in the list. The isomorphism class of the representatives
of conjugacy classes can be easily obtained using the list of groups of size p2q and so we omit a proof of such
isomorphisms.
If {αi : 1 ≤ i ≤ n} generate π2(G) and {kj : 1 ≤ j ≤ m} generate the kernel of π2|G then G has the
following standard presentation:
G = 〈k1, . . . , km, u1α1, . . . , unαn〉,
for some ui ∈ A. In particular, ui 6= 1, since G is regular (indeed, uiαi · 1 = ui 6= 1), and we can choose
any representative of the coset of ui with respect to the kernel, without changing the group G. We can also
multiply any generator by any element in G, in order to obtain a nicer presentation of the same group G.
The group G has to satisfy the following necessary conditions, that will provide constrains over the choice
of the elements ui:
(K) The kernel of π2|G is normal in G.
(R) The generators {uiαi : 1 ≤ i ≤ n} satisfy the same relations as {αi : 1 ≤ i ≤ n} modulo kerπ2|G
(e.g. if αni = 1 then (uiαi)
n ∈ kerπ2|G).
Given one of such groups, we can conjugate by the normalizer of π2(G) in Aut(A) that stabilizes the kernel
of π2|G in order to show that G is conjugate to one of the groups in the list of the chosen representatives.
2.2. Notation. If C is a cyclic group acting on a group G by ρ : C −→ Aut(G) and ρ(1) = f , then G⋊f C
denotes the semidirect product determined by the action ρ. In this case the group operation on G⋊f C is(
x1
x2
)(
y1
y2
)
=
(
x1f
x2(y1)
x2y2
)
,
for every x1, x2 ∈ G and y1, y2 ∈ C.
Remark 2.5. [1, Remark 3.5] Let p, q be primes such that p = 1 (mod q) and let g be an element of order
q of Z×p . As in [1] we denote by B the subset of Zq that contains 0, 1,−1 and one out of k and k
−1 for
k 6= 0, 1,−1 and by Da,b the diagonal matrix with diagonal entries ga and gb. We are using that, up to
conjugation the subgroups of order q of GL2(p) are generated by one of the matrices
D1,s =
[
g 0
0 gs
]
, D0,1 =
[
1 0
0 g
]
,
for 0 ≤ s ≤ q − 1 and a set of representatives of conjugacy classes of such groups in GL2(p) is given by the
groups generated by D1,s for s ∈ B.
Up to conjugation, the unique subgroup of order p of GL2(p) is generated by
C =
[
1 1
0 1
]
.
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A set of representatives of conjugacy classes of subgroups of order pq of GL2(p) is given by Hs = 〈C,D1,s〉
and H˜ = 〈C,D0,1〉, where 0 ≤ s ≤ q − 1.
3. Skew braces of size p2q with p = 1 (mod q)
Following the same notation as in [1] we denote by B the subset of Zq that contains 0, 1,−1 and one out
of k and k−1 for k 6= 0, 1,−1, by g a fixed element of order q in Z×p and by t a fixed element of order q in
Z
×
p2
. The non-abelian groups of size p2q are the following:
(i) Zp2 ⋊t Zq = 〈σ, τ | σ
p2 = τq = 1, τστ−1 = σt〉.
(ii) Gk = 〈σ, τ, ǫ |σ
p = τp = ǫq = 1, ǫσǫ−1 = σg, ǫτǫ−1 = τg
k
〉 ∼= Z2p ⋊D1,k Zq, where D1,k is the diagonal
matrix with eigenvalues g, gk for k ∈ B.
The following table collects the enumeration of skew braces according to their additive and multiplicative
groups, taking into account that the groups Gk and Gk−1 are isomorphic.
+\◦ Zp2q Zp2 ⋊t Zq Z
2
p × Zq Gk, k 6= 0,±1, 2 G0 G−1 G1 G2
Zp2 ⋊t Zq 4 2(q − 1) - - - - - -
Gk - - 4 8(q + 1) 8(q + 1) 4(q + 1) 4(q − 1) 8(q + 1)
G0 - - 2 4q 4q 2q 2(q − 1) 4q
G−1 - - 3 4q + p+ 2 4q + p+ 2 3q + p− 1 2(q − 1) 4q + p
G1 - - 5 3(q + 2) 4(q + 1) 2(q + 1) 3q − 1 6q
Table 1. Enumeration of skew braces of size p2q according to the additive and multiplica-
tive isomorphism class of groups where p = 1 (mod q) and q > 3.
+\◦ Z3p2 Zp2 ⋊t Z3 Z
2
p × Z3 G0 G−1 G1
Zp2 ⋊t Z3 4 4 - - - -
G0 - - 2 12 6 4
G−1 - - 3 p+ 14 p+ 8 4
G1 - - 5 16 10 8
Table 2. Enumeration of skew braces of size 3p2 according to the additive and multiplica-
tive isomorphism class of groups where p = 1 (mod 3).
3.1. Skew braces of Zp2 ⋊t Zq-type. In this section we denote by A the group Zp2 ⋊t Zq. According to
the description of the automorphism group of groups of order p2q given in [8, Theorem 3.4], we have that
φ : Hol(Zp2 ) = Zp2 ⋊ Z
×
p2
−→ Aut(A), (i, j) 7→ ϕi,j =
{
τ 7→ σiτ,
σ 7→ σj
is an isomorphism of groups. In particular |Aut(A)| = p3(p− 1). Thus if G is a regular subgroup of Hol(A)
then |π2(G)| ∈ {p, q, p2, pq, p2q}. Let us show that such size can not be equal to p.
Lemma 3.1. Let G be a regular subgroup of Hol(A). Then |π2(G)| 6= p.
Proof. Assume that G is a subgroup of size p2q of Hol(A) and |π2(G)| = p. Up to conjugation, we can choose
the generators of kerπ2|G to be τ and σp. Hence the standard presentation is
G = 〈τ, σp, σaα〉,
where α is an automorphism of order p and so α(τ) = σpnτ for some n. By condition (K) we have that
σaατα−1σ−a = σa+pnτσ−a = σ(1−t)a+pnτ ∈ 〈τ, σp〉.
Then (1− t)a = 0 (mod p). Now 1− t is invertible modulo p2, otherwise t = 1 + np = (1 + p)n has order p
modulo p2. Then also a = 0 (mod p), i.e. a = a′p. Hence (σp)−a
′
σa
′pα = α ∈ G∩ (1×Aut(A)) and then G
is not regular by Lemma 2.3. 
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The group
(4) H = 〈σ, ϕ1,1〉
is normal in Hol(A). Let u be a generator of Z×
p2
, then Hol(A)/H = 〈τ, ϕ0,u〉 ∼= Zq × Z
×
p2
and in particular
it is abelian.
Lemma 3.2. The skew braces of A-type with | kerλ| = p2 are Bs = (A,+, ◦) where (Bs,+) = Zp2 ⋊t Zq and
(Bs, ◦) = Zp2 ⋊t(s+1) Zq for 1 ≤ s ≤ q − 1. In particular, Bs is a bi-skew brace and
(Bs, ◦) ∼=
{
Zp2q, if s = −1,
A, otherwise.
Proof. The group
Gs = 〈σ, τ
sϕ0,t〉 ∼= A
has size p2q for every 1 ≤ s ≤ q − 1. The subset π1(G) contains 〈σ〉 and τs and then |π1(G)| > p2 and it
divides p2q. Then π1(G) = A and according to Lemma 2.3 we have that Gs is regular. Let H be the group
defined in (4). If Gs and Gs′ are conjugate, then so they are their image in Hol(A)/H which is abelian.
Therefore 〈τsϕ0,t〉 = 〈τs
′
ϕ0,t〉, and so it follows that s = s′.
Let G be a regular subgroup of Hol(A) with |π2(G)| = q. The unique subgroup of order p2 of A is the
unique p-Sylow generated by σ and, up to conjugation, the unique subgroup of order q in Aut(A) is generated
by ϕ0,t. Then
G = 〈σ, τsϕ0,t〉 = Gs
for some s 6= 0.
For the skew brace Bs associated to Gs we have that σ ≤ kerλ and τ ∈ Fix(Bs). So using [1, Lemma 2.2]
we have that λσnτm = λ
m
τ and then the multiplicative group structure of Bs is given by the formula(
x1
x2
)
◦
(
y1
y2
)
=
(
x1 + t
(s+1)x2y1
x2 + y2
)
for every 0 ≤ x1, y1 ≤ p2 − 1, 0 ≤ x2, y2 ≤ q − 1. So (Bs,+) = Zp2 ⋊t Zq and (Bs, ◦) = Zp2 ⋊ts+1 Zq and
according to [2, Corollary 1.2], Bs is a bi-skew brace. 
Lemma 3.3. A set of representatives of regular subgroups G of Hol(A) with |π2(G)| = p
2 is
Gs = 〈τ, σ
1
t−1ϕ1,(p+1)s〉 ∼= Zp2q
for s = 0, 1.
Proof. Arguing as in Lemma 3.2, we can show that the groups Gs are regular and they are not conjugate
since their images under π2 are not.
Let G be a regular subgroup of Hol(A) with |π2(G)| = p
2. According to [1, Lemma 2.1], the p-Sylow
group of the skew brace associated to G is cyclic and then so it is π2(G). The unique cyclic subgroups of
order p2 of Aut(A) up to conjugation are 〈ϕ1,(p+1)s〉 for s = 0, 1. The size of the kernel of π2 is q and so
kerπ2|G = 〈σaτ〉 for some a. Up to conjugation by ϕ
−a
1,1 , we can assume that kerπ2|G is generated by τ .
Therefore
G = 〈τ, σbϕ1,(p+1)s〉
for some b 6= 0. The groupG has a normal q-Sylow subgroup and then it is abelian, and therefore b = 1
t−1 . 
Lemma 3.4. There exists a unique conjugacy class of regular subgroups G of Hol(A) with |π2(G)| = pq. A
representative is
H = 〈σp, σϕ0,p+1, τ
−1ϕ0,t〉 ∼= Zp2q.
Proof. According to Lemma 2.4(2) 〈σp, τ〉 ⊆ π1(H) and clearly σ ∈ π1(H). So |π1(H)| > pq and so H is
regular.
Let G be a regular subgroup of Hol(A) with |π2(G)| = pq. Then kerπ2|G = 〈σp〉. Up to conjugation, the
subgroups of size pq of Aut(A) are 〈ϕp,1, ϕ0,t〉 and 〈ϕ0,t, ϕ0,p+1〉.
In the first case, we have
G = 〈σp, σaτbϕp,1, σ
cτdϕ0,t〉.
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We need to check the conditions (R). From the condition (σaτbϕp,1)
p ∈ kerπ2|G it follows that b = 0 and
from the condition (R) σcτdϕ0,tσ
aτbϕp,1
(
σcτdϕ0,t
)−1
= (σaϕp,1)
t (mod 〈σp〉) we have a = pa′. Therefore,
σ−a
′pσa
′pϕ0,p+1 = ϕ0,p+1 ∈ G and so G is not regular, contradiction.
Let π2(G) = 〈ϕ0,t, ϕ0,p+1〉. Then,
G = 〈σp, σaτbϕ0,p+1, σ
cτdϕ0,t〉.
From condition (K) we have that b = 0, d = −1 (mod q), and c = 0 (mod p) and so a 6= 0 (mod p) since G
is regular. Then G is conjugate to H by ϕ0,a−1 . 
Lemma 3.5. A set of representatives of conjugacy classes of regular subgroups G of Hol(A) with |π2(G)| =
p2q is
Gd = 〈σ
1
t−1ϕ1,1, τ
dϕ0,t〉 ∼= A,
where 1 ≤ d ≤ q − 1.
Proof. According to Lemma 2.4(2) 〈σ, τ〉 ⊆ π1(Gd) and so π1(Gd) = A. The same argument used in Lemma
3.2 shows that they are not pairwise conjugate.
Let G be a regular subgroup with |π2(G)| = p2q. According to [1, Lemma 2.1], the p-Sylow subgroup of
the multiplicative group of the skew brace associated to G is cyclic, and then so it is the p-Sylow subgroup
of π2(G). Up to conjugation we can assume that π2(G) is 〈ϕ1,1, ϕ0,t〉 ∼= A, i.e.
G = 〈σaτbϕ1,1, σ
cτdϕ0,t〉.
From condition (K) we have that the standard presentation of G is
G = 〈σ
1
t−1ϕ1,1, σ
cτdϕ0,t〉.
If d = 0 then c 6= 0 and so (σ
1
t−1ϕ1,1)
−(t−1)cσcϕ0,t = ϕ
−(t−1)c
1,1 ϕ0,t ∈ G and so G is not regular by Lemma
2.3. If d = −1 then from the condition (σcτdϕ0,t)q = 1 it follows that c = 0. Otherwise, G is conjugate to
Gd by ϕn,1 where n =
c(t−1)
1−td+1 . 
We summarize the contents of this subsection in the following table:
| kerλ| Zp2q Zp2 ⋊t Zq
1 - q − 1
p 1 -
q 2 -
p2 1 q − 2
p2q - 1
Table 3. Enumeration of skew braces of Zp2 ⋊t Zq-type for p = 1 (mod q).
3.2. Skew brace of Gk-type for k 6= 0,±1. In this section we assume that k ∈ B\{0, 1,−1}. In particular
we can assume that q > 3, since in such case B = {0, 1,−1}. Recall that a presentation of the group Gk is
the following
(5) Gk = 〈σ, τ, ǫ
∣∣ σp = τp = ǫq = 1, ǫσǫ−1 = σg, ǫτǫ−1 = τgk 〉.
An automorphism of Gk is determined by its image on the generators, i.e. by its restriction to 〈σ, τ〉 given
by a matrix and by the image on ǫ. According to [8, Subsections 4.1, 4.2], the mapping
φ : Z2p ⋊ρ
(
Z
×
p × Z
×
p
)
−→ Aut(Gk),
[(n,m), (a, b)] 7→ h =
h|〈σ,τ〉 =
[
a 0
0 b
]
,
ǫ 7→ σnτmǫ,
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is a group isomorphism (the action ρ is defined by setting ρ(a, b)(n,m) = (an, bm)). In particular, |Aut(Gk)| =
p2(p − 1)2 and the unique p-Sylow subgroup of Aut(Gk) is generated by α1 = [(1, 0), (1, 1)] and α2 =
[(0, 1), (1, 1)]. The groups 〈σ〉 and 〈τ〉 are characteristic and therefore also normal in Hol (Gk).
Let G be a regular subgroup of Hol(Gk). Since p2q divides |Aut(Gk)| we need to discuss all possible cases
for the size of |π1(G)|.
The group
(6) H = 〈σ, τ, α1, α2〉
is normal in Hol(Gk). Let µ be a generator of Z×p , then Hol(Gk)/H = 〈ǫ, [(0, 0), (1, µ)], [(0, 0), (µ, 1)]〉
∼=
Zq × Z×p × Z
×
p and in particular, it is abelian.
Proposition 3.6. The skew braces of Gk-type with | kerλ| = p
2 are (Ba,b,+, ◦) where (Ba,b,+) = Z
2
p⋊D1,kZq
and
(Ba,b, ◦) = Z
2
p ⋊Da+1,b+k Zq
∼=

Z2p × Zq, if a = −1, b = −k,
G0, if a = −1, b 6= −k,
G b+k
a+1
, otherwise,
for 0 ≤ a, b ≤ q − 1 and (a, b) 6= (0, 0). In particular, there are q2 − 1 such skew braces and they are bi-skew
braces.
Proof. The subgroups
Ga,b = 〈σ, τ, ǫγ
a
1γ
b
2〉
where γ1 = [(0, 0), (g, 1)] and γ2 = [(0, 0), (1, g)] are regular. If Ga,b and Gc,d are conjugate, then so they
are their images in the quotient Hol(Gk)/H, which is abelian. Then 〈ǫγa1γ
b
2〉 = 〈ǫγ
c
1γ
d
2 〉 and so it follows
(a, b) = (c, d).
Let G be a regular subgroup of Hol(A) such that |π2(G)| = q. Up to conjugation, we can assume that
π2(G) is generated by γ
a
1γ
b
2 where (a, b) 6= (0, 0). Therefore
G = 〈σ, τ, ǫnγa1γ
b
2〉
where n 6= 0 because G is regular. Therefore G = Gan−1,bn−1 .
Let Ba,b be the skew brace associated to the regular subgroup Ga,b. Note that ǫ ∈ Fix(Ba,b) and σ, τ ∈
kerλ. Therefore we can apply [1, Lemma 2.3] and it follows thatx1x2
x3
 ◦
y1y2
y3
 =
x1 + g(a+1)x3y1x2 + g(b+k)x3y2
x3 + y3
(7)
for every 0 ≤ x1, x2, y1, y2 ≤ p− 1, 0 ≤ x3, y3 ≤ q − 1. So (Ba,b,+) = Z2p ⋊D1,k Zq, (Ba,b, ◦) = Z
2
p ⋊Da,b Zq
and the images of the two actions commute. According to [2, Proposition 1.1], Ba,b is a bi-skew braces. 
Lemma 3.7. The unique skew brace of Gk-type with | kerλ| = q is (B,+, ◦) where (B,+) = Z2p⋊D1,k Zq andx1x2
x3
 ◦
y1y2
y3
 =
D1,k (x1x2
)
+Dx31,k
(
y1
y2
)
x3 + y3
 .
for every 0 ≤ x1, x2, y1, y2 ≤ p− 1 and 0 ≤ x3, y3 ≤ q − 1.
Proof. The subgroup
H = 〈ǫ, σ
1
g−1α1, τ
1
gk−1α2〉 ∼= Z
2
p × Zq
is a regular subgroup of Hol(A) and |π2(G)| = p2. Let G be a regular subgroup with |π2(G)| = p2. Then
the image of π2 is the unique p-Sylow subgroup of Aut(Gk). The kernel is a subgroup of order q of G, and
up to conjugation we can assume that it is generated by ǫ. In particular, G is abelian and we have that
G = 〈ǫ, τaσbα1, τ
cσdα2〉.
The group G is abelian if and only if a = d = 0, b = 1
g−1 and c =
1
gk−1
, i.e. G = H .
Let B be the skew brace associate to H . Using that ǫ ∈ kerλ and σ, τ ∈ Fix(B) and [1, Lemma 2.1], we
can compute the formulas for the ◦ operation of B as in the statement. 
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Lemma 3.8. A set of representative regular subgroups G of Hol(Gk) with |π2(G)| = p is
Hi = 〈ǫ, τ, σ
1
g−1α1α
i
2〉
∼= G0, Ki = 〈ǫ, σ, τ
1
gk−1αi1α2〉
∼= G0,
for i = 0, 1.
Proof. Up to conjugation, the subgroups of order p of Aut(Gk) are 〈α1〉, 〈α2〉, 〈α1α2〉. The groups in the list
of the statement have the desired properties and they are not conjugate since either their images or their
kernels with respect to π2 are not.
Let G be a regular subgroup of Hol(Gk) with |π2(G)| = p. The kernel of π2 has size pq and therefore it
has an element of order q of the form uǫ where u ∈ 〈σ, τ〉. The subgroup L = 〈α1, α2〉 normalizes π2(G), so
we can conjugate G by a suitable element of L and assume that u = 0. Then the kernel has the form 〈ǫ, v〉
for v ∈ 〈σ, τ〉. The p-Sylow subgroup of kerπ2 is normal and therefore v = σ or τ . Therefore the group G
has the following form
G = 〈ǫ, v, wθ〉
where θ ∈ {α1, α2, α1α2} and, either v = σ and w ∈ 〈τ〉 or v = τ and w ∈ 〈σ〉. By condition (K) and the
fact that w 6= 1 because G is regular, it follows that G is either Hi or Ki for i = 0, 1. 
To compute the regular subgroups of Hol(Gk) with image under π2 of size pq and p2q we are computing
the conjugacy classes of subgroups of size pq and p2q of Aut(Gk).
Lemma 3.9. A set of representatives of conjugacy classes of subgroups of Aut(Gk) of order pq and order
p2q are
Size G Parameters Class
pq H1,s = 〈α1, βs〉 0 ≤ s ≤ q − 1 Zp ⋊t Zq
H2,s = 〈α2, βs〉 0 ≤ s ≤ q − 1 Zpq, if s = 0,
Zp ⋊t Zq, otherwise.
Ki = 〈αi, β˜〉 i = 1, 2 Zpq, if i = 1,
Zp ⋊t Zq, if i = 2.
W = 〈α1α2, β1〉 - Zp ⋊t Zq
p2q Ts = 〈α1, α2, βs〉 0 ≤ s ≤ q − 1 Gs
U = 〈α1, α2, β˜〉 - G0
where βs = [(0, 0), (g, g
s)] and β˜ = [(0, 0), (1, g)].
Proof. Let G be a subgroup of size pq of Aut(Gk). Then G is generated by an element of order p and an
element of order q. The element of order p belongs to the subgroup generated by α1, α2 and up to conjugation
there are three elements of order p, namely α1, α2, α1α2. The elements of order q can be chosen of the form
αn1α
m
2 βs for s 6= 0, α
n
1β0 or α
m
2 β˜.
If the p-Sylow subgroup of G is generated by αi, i = 1, 2, using that
[(a, b), (x, y)]αn1α
m
2 βs[(a, b), (x, y)]
−1 = α
xn+(1−g)a
1 α
ym+(1−gs)b
2 βs,(8)
[(a, b), (x, y)]αm2 β˜[(a, b), (x, y)]
−1 = α
ym+(1−g)b
2 β˜,
we have that G is conjugate to Hi,s or to Ki. If the p-Sylow subgroup of G is generated by α1α2 then
necessarily the element of order q has form αn1α
m
2 β1, since the p-Sylow subgroup has to be normal. In such
case, then G = 〈α1α2, αn1α
m
2 β1〉 = 〈α1α2, α
n−m
1 β1〉 and according to (8), G is conjugate to W by a suitable
power of α1.
If G is a subgroup of order p2q, then G is generated by α1, α2 and an element of order q, which can be
chosen to be βs for 0 ≤ s ≤ q − 1 or β˜. Such groups are not conjugate, since their restrictions to 〈σ, τ〉 are
not. 
In the following we are employing the same notation as in Lemma 3.9.
Lemma 3.10. A set of representatives of conjugacy classes of subgroups G of Hol(Gk) with |π2(G)| = pq is
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π2(G) Subgroups Parameters Isomorphism class #
H1,s H˜1,s,d = 〈τ, σ
1
g−1 α1, ǫ
dβs〉 0 ≤ s ≤ q − 1, Gdk+s q(q − 1)
1 ≤ d ≤ q − 1
Ĥ1,s = 〈σ, τα1, ǫ
1−s
k βs〉 2 ≤ s ≤ q G k−s+1
k
q − 1
H1,s = 〈στ, σ
1
g−1 α1, ǫ
s−1
1−k βs〉 2 ≤ s ≤ q G s−k
1−k
q − 1
H2,s H˜2,s,d = 〈σ, τ
1
gk−1α2, ǫ
dβs〉 0 ≤ s ≤ q − 1, Z
2
p × Zq, if s = 0, d = −1, q(q − 1)
1 ≤ d ≤ q − 1 G0, if s 6= 0, d = −1,
G s
d+1
, otherwise.
Ĥ2,s = 〈τ, σα2, ǫ
s−1βs〉 2 ≤ s ≤ q G0, if s = 0, q − 1
G s(k+1)−k
s
, otherwise.
H2,s = 〈στ, τ
1
gk−1 α2, ǫ
s−1
1−k βs〉 2 ≤ s ≤ q G0 if s = 0, q − 1
G s−k
s(1−k)
, otherwise.
K1 K˜1,d = 〈τ, σ
1
g−1 α1, ǫ
dβ˜〉 1 ≤ d ≤ q − 1 Z2p × Zq if d = −k
−1, q − 1
G0, otherwise.
K̂1 = 〈σ, τα1, ǫ
−k−1 β˜〉 - G0 1
K1 = 〈στ, σ
1
g−1 α1, ǫ
1
1−k β˜〉 - G0 1
K2 K˜2,d = 〈σ, τ
1
gk−1 α2, ǫ
dβ˜〉 1 ≤ d ≤ q − 1 Gd q − 1
K̂2 = 〈τ, σα2, ǫβ˜〉 - Gk+1 1
K2 = 〈στ, τ
1
gk−1 α2, ǫ
1
1−k β˜〉 - G 1
1−k
1
W W˜d = 〈σ, τ
1
gk−1α1α2, ǫ
dβ1〉 1 ≤ d ≤ q − 1 Gd+1 q − 1
Ŵd = 〈τ, σ
1
g−1 α1α2, ǫ
dβ1〉 1 ≤ d ≤ q − 1 Gdk+1 q − 1
Proof. Any of the subgroups G in the table have a p-Sylow of the form G = 〈uf, wg, ǫch〉 with c 6= 0,
f(u) = u, g(w) = w and 〈u,w〉 = 〈σ, τ〉. According to Lemma 2.4(2), we have 〈σ, τ〉 ⊆ π1(G) and so
|π1(G)| > p2. Since ǫc ∈ π1(G), then |π1(G)| > p2 and so π1(G) = A.
A set of representative of the orbits of the elements of 〈σ, τ〉 under the action of Aut(Gk) is {σ, τ, στ}.
Then the subgroups with the same image under π2 and belonging to different rows of the tables are not
conjugate, since their kernels with respect to π2 are not.
Assume that H˜i,s,c and H˜i,s,d are conjugate. Then their images in Hol(Gk)/H are equal, i.e. 〈ǫcβs〉 =
〈ǫdβs〉. Hence c = d (a similar argument will do for the groups K˜i,d, W˜d and Ŵd).
We focus on the case when the image under π2 is H1,s, for the other cases we can apply the same ideas,
so we omit the computation.
Let G be a regular subgroup of Hol(Gk) with π2(G) = H1,s. The kernel of π2 is a subgroup of order p
of Gk and we can choose it up to the action of the normalizer of H1,s on the subgroups of 〈σ, τ〉. Since
{[(0, 0), (a, b)] : 1 ≤ a, b ≤ p − 1} ≤ NAut(Gk)(H1,s), we can assume that the kernel is generated by σ, by τ
or by στ .
(i) Assume that the kerπ2|G = 〈σ〉. Then τaǫbα1 ∈ G for some a, b. From the (R) condition (τaǫbα1)p ∈
kerπ2 we have that b = 0 and since G is regular then a 6= 0. Hence, up to conjugating by [(0, 0), (1, a
−1)] we
can assume that a = 1, therefore G has the form
G = 〈σ, τα1, τ
cǫdβs〉.
If d = 0 then according to Lemma 2.4(1) then π1(G) ⊆ 〈σ, τ〉 and so G is not regular. Thus d 6= 0 and from
the (R) conditions (τ−cǫdβs)τα1(τ
−cǫdβs)
−1 = (τα1)
g (mod kerπ2) it follows that d =
1−s
k
and so s 6= 1.
If dk + s = 0 then c = 0 since (τcǫdβs)
q ∈ kerπ2, otherwise, if c 6= 0 we have that G is conjugate to Ĥ1,s by
a suitable power of α1.
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(ii) Assume that kerπ2|G = 〈τ〉. Then
G = 〈τ, σaǫbα1, σ
cǫdβs〉
where d 6= 0. From the (R) conditions we have that b = 0, a = 1
g−1 .If d + 1 = 0 then c = 0 since
(σcǫdβs)
q ∈ kerπ2, otherwise, we have that G is conjugate to H˜1,s,d by a suitable power of α1.
(iii) Assume that kerπ2|G = 〈στ〉. Then
G = 〈στ, σaǫbα1, σ
cǫdβs〉.
Arguing as before we have b = 0, a = 1
g−1 and d =
s−1
1−k 6= 0 and so s 6= 1. If d + 1 = 0 then c = 0 since
(σcǫdβs)
q ∈ kerπ2, otherwise, we have that G is conjugate to H1,s by a suitable power of α1. 
Lemma 3.11. A set of representatives of conjugacy classes of regular subgroups G of Hol(Gk) with |π2(G)| =
p2q is
π2(G) Subgroups Parameters Isomorphism class #
Ts T˜c,s = 〈σ
1
g−1 α1, τ
1
gk−1α2, ǫ
cβs〉 0 ≤ s ≤ q − 1 Gs q(q − 1)
1 ≤ c ≤ q − 1
T̂s = 〈τσ
1
g−1 α1, τ
1
gk−1 α2, ǫ
1−sβs〉 2 ≤ s ≤ q Gs q − 1
T s = 〈σ
1
g−1 α1, στ
1
gk−1 α2, ǫ
1−s
k βs〉 2 ≤ s ≤ q Gs q − 1
U U˜c = 〈σ
1
g−1 α1, τ
1
gk−1 α2, ǫ
cβ˜〉 1 ≤ c ≤ q − 1 G0 q − 1
Û = 〈τσ
1
g−1 α1, τ
1
gk−1α2, ǫ
−k−1 β˜〉 - G0 1
U = 〈σ
1
g−1 α1, τ
1
gk−1 σα2, ǫβ˜〉 - G0 1
Proof. If two regular subgroups of Hol(Gk) are conjugate, so the corresponding p-Sylow are conjugated too.
Therefore the groups in different rows of the tables are not conjugate since their p-Sylow subgroups are not.
The same argument used in Lemma 3.10 shows that the groups in the table are regular and that the groups
in the same row are not conjugate (e.g. if T˜c,s and T˜d,s are conjugate then c = d).
Let G be a regular subgroup of Hol(Gk) with π2(G) = Ts. Then
G = 〈uǫaα1, vǫ
bα2, wǫ
cβs〉,
for u, v, w ∈ 〈σ, τ〉 and 0 ≤ a, b, c ≤ q − 1. From the (R) conditions we have that a = b = 0. If c = 0 then
according to Lemma 2.4(1) then π1(G) ⊆ 〈σ, τ〉 and so G is not regular. Hence c 6= 0 and from the (R)
conditions we have u = σ
1
g−1 τn where either n = 0 or c = k−1(1− s) and v = σmτ
1
gk−1 where either m = 0
or c = s− 1.
If n = m = 0, then we have that
G = 〈σ
1
g−1α1, τ
1
gk−1α2, σ
aτbǫcβs〉
for some a, b.
Let (n,m) 6= (0, 0). Note that c = k−1(1 − s) = s − 1 implies s = 1 and then c = 0, contradiction. So
either c = s − 1 and m = 0 or c = k−1(1 − s) and n = 0. Consequently, in both cases s 6= 1. Conjugating
G respectively by the automorphism h = [(0, 0), (n−1, 1)] or g = [(0, 0), (1,m−1)] we have that G has one of
the following form
G = 〈τσ
1
g−1α1, τ
1
gk−1α2, σ
aτbǫ1−sβs〉,
G = 〈σ
1
g−1α1, στ
1
gk−1α2, σ
aτbǫ
1−s
k βs〉,
for some a, b. In both cases, since (wǫcβs)
p = 1 we have that if c+ 1 = 0 then a = 0 and if ck + s = 0 then
b = 0. Hence G is conjugate to T˜c,s, T̂s or T s respectively, by h = [(r, t), (1, 1)] where (r, t) is a solution of
the following system of linear equations:{
r(gc+1 − 1) = a(1− g)
t(1 − gck+s) = b(1− gk)
.
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We can use the same ideas when π2(G) = U . In such case, G is conjugate to U˜c, Û or U . 
We summarize the content of this section in the following table:
| kerλ| Z2p × Zq Gk Gs, s 6= 0,±1, k G0 G−1 G1
1 - 2(q + 1) 2(q + 1) 2(q + 1) q + 1 q − 1
p 2 4(q + 2) 4(q + 2) 4(q + 1) 2(q + 2) 2(q − 1)
q 1 - - - - -
pq - - - 4 - -
p2 1 2q − 3 2(q − 1) 2(q − 1) q − 1 q − 1
p2q - 1 - - - -
Table 4. Enumeration of skew braces of Gk-type for p = 1 (mod q).
3.3. Skew braces of G0-type. Let us consider the group G0 with presentation
G0 = 〈σ, τ, ǫ, σ
p = τp = ǫq = [σ, τ ] = [τ, ǫ] = 1, ǫσǫ−1 = σg〉.
According to the description of the automorphisms of A provided in [8, Theorem 3.1, 3.4], the map
φ : Zp ⋊ρ
(
Z
×
p × Z
×
p
)
−→ Aut(G0), [n, (a, b)] 7→ h =
{
h|〈σ,τ〉 =
[
a 0
0 b
]
, ǫ 7→ σnǫ ,
where ρ(a, b)(n) = an , is a group isomorphism. In particular, |Aut(G0)| = p(p − 1)2 and its p-Sylow is
generated by α = [1, (1, 1)].
If G be a regular subgroup of Hol(G0), then |π2(G)| divides p2q and |Aut(G0)|, so it divides pq.
Proposition 3.12. The skew braces of G0-type with | kerλ| = p
2 are (Ba,b,+, ◦), where (Ba,b,+) = Z
2
p⋊D1,0
Zq and
(Ba,b, ◦) = Z
2
p ×Da+1,b Zq
∼=

Z2p × Zq, if a = −1, b = 0,
G0, if a = −1, b 6= 0,
G b
a+1
, otherwise.
for 0 ≤ a, b ≤ q − 1 and (a, b) 6= (0, 0). In particular, there are q2 − 1 such skew braces and they are bi-skew
braces.
Proof. We can use the very same argument of the proof of Proposition 3.6 to compute the conjugacy classes of
regular subgroups of Hol(G0) with size of the image under π2 equal to q. It turns out that the representatives
are
Ga,b = 〈σ, τ, ǫγ
a
1γ
b
2〉
where γ1 = [0, (g, 1)], γ2 = [0, (1, g)], (a, b) 6= (0, 0). The statement follows using the same argument as in
Proposition 3.6 
Lemma 3.13. A set of representative regular subgroups G of Hol(G0) with |π2(G)| = p is
H = 〈ǫ, τ, σ
1
g−1α〉 ∼= Z2p × Zq, K = 〈ǫ, σ, τα〉
∼= G0.
Proof. The subgroup H and K have the desired properties and they are not conjugate, since their kernel are
not in the same orbit with respect to the action of Aut(G0).
Let G be a regular subgroup of Hol(G0) with |π2(G)| = p. The unique subgroup of order p of Aut(G0) is
〈α〉 and it is normal. The kernel has the form 〈σbǫ, u〉 for some b and some u ∈ 〈σ, τ〉. Up to conjugation
we can assume that b = 0 and so, since the p-Sylow of the kernel has to be normal in the kernel, we have
u = σ, τ .
If u = τ , then
G = 〈ǫ, τ, σaα〉.
From the condition (K) it follows that a = 1
g−1 , i.e. G = H .
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If u = σ, then
G = 〈ǫ, σ, τaα〉,
for some a 6= 0. So G is conjugate to K by [(0, 0), (1, a−1)]. 
Arguing similarly to Lemma 3.9 we have that a set of representative of conjugacy classes of subgroups of
order pq of Aut(G0) is
Ts = 〈α, βs〉, U = 〈α, β˜〉
where βs = [0, (g, g
s)] and 0 ≤ s ≤ q − 1 and β˜ = [0, (1, g)].
Lemma 3.14. A set of representatives of regular subgroups G of Hol(G0) with |π2(G)| = pq is
π2(G) Subgroups Isomorphism class Parameters #
Ts T˜s,c = 〈τ, σ
1
g−1α, ǫcβs〉 Gs 0 ≤ s ≤ q − 1 q(q − 1)
1 ≤ c ≤ q − 1
T̂s = 〈στ, σ
1
g−1 α, ǫs−1βs〉 Gs 2 ≤ s ≤ q q − 1
T1 T 1,c = 〈σ, τα, ǫ
cβ1〉 Gc+1 1 ≤ c ≤ q − 1 q − 1
U U˜c = 〈τ, σ
1
g−1 α, ǫcβ˜〉 G0 1 ≤ c ≤ q − 1 q − 1
Û = 〈στ, σ
1
g−1α, ǫβ˜〉 G0 - 1
Proof. By the same argument used in Lemma 3.10 we can show that the groups in the table are regular and
they are not conjugate (in this case we are going to use the group H = 〈σ, τ, α〉✂Hol(G0) with Hol(G0)/H ∼=
Zq × Z×p × Z
×
p ).
Assume that G is a regular subgroup of Hol(G0) and that π2(G) = Ts. Then
G = 〈v, uǫaα,wǫbβs〉
for u, v, w ∈ 〈σ, τ〉 and 0 ≤ a, b ≤ q − 1. From the (R) condition (uǫaα)p ∈ 〈v〉 it follows that a = 0. If b = 0
then according to Lemma 2.4(1) then π1(G) ⊆ 〈σ, τ〉 and so G is not regular. So b 6= 0 and since
ǫbβs(v)β
−1
s ǫ
−b = Db1,0βs(v) = Db+1,s(v),
the condition (K) implies that either b = s− 1 or v = σ, τ .
Let assume that v = σ. Then
G = 〈σ, τaα, τcǫbβs〉,
where a 6= 0. From the (K) conditions it follows that s = 1 and G is conjugate to T 1,b by αn[0, (1, a−1)] for
a suitable n.
If v = τ a similar argument show that G is conjugate to T˜b,s
Assume that b = s− 1 and then s 6= 1. We have that G has the following form:
G = 〈v, uα,wǫs−1βs〉.
The (K) conditions imply that u = σ
1
g−1 (mod 〈v〉) and so
G = 〈v, σ
1
g−1α,wǫs−1βs〉,
where v /∈ 〈σ〉. Up to conjugation by the elements of the form [0, (a, b)] we can choose v to be either τ or
στ . Then if v = τ (resp. v = στ) then G is conjugate to T˜s,b (resp. T̂s) by a suitable power of α.
A similar argument shows that if π2(G) = U then G is conjugate to U˜c or to Û . 
Remark 3.15. A skew brace B is a direct product of if and only if there exists I, J ideals of B such that
I + J = B and I ∩ J = 0. The direct product of a skew brace of size p2 and a skew brace of size q is of
abelian type. The following are the skew braces of G0-type which are direct products of the trivial skew
brace of size p and a skew brace of size pq.
(i) The skew braces Ba,0 for a 6= −1 as defined in Corollary 3.12 are direct product of the trivial skew
brace of size p and a skew brace of size pq with | kerλ| = p.
13
(ii) The skew brace associated to the group H of Lemma 3.13 is the direct product of the trivial skew
brace of size p and the unique skew brace of size pq with | kerλ| = q.
(iii) The skew brace associated to T˜0,c for c 6= 0 as defined in Lemma 3.14 is the direct product of the
trivial skew brace of size p and a skew brace of size pq with | kerλ| = 1.
We summarize the contents of this subsection in the following table:
| kerλ| Z2p × Zq Gk, k ∈ B \ {0,±1} G0 G−1 G1
p - 2(q + 1) 2q + 1 q + 1 q − 1
pq 1 - 1 - -
p2 1 2(q − 1) 2q − 3 q − 1 q − 1
p2q - - 1 - -
Table 5. Enumeration of skew braces of G0-type for p = 1 (mod q).
3.4. Skew braces of G−1-type. Let us consider the group G−1 with presentation
G−1 = 〈σ, τ, ǫ, σ
p = τp = ǫq = [σ, τ ] = 1, ǫσǫ−1 = σg, ǫτǫ−1 = τg
−1
〉.
Let
G =
(
Z
2
p ⋊ρ (Z
×
p × Z
×
p )
)
⋊ρ′ Z2
where ρ(a, b)(n,m) = (an, bm), ρ′(1)[(n,m), (a, b)] = [(−g−1m,−gn), (b, a)] for every 0 ≤ n,m ≤ p − 1,
0 ≤ m ≤ q − 1. According to [8, Subsections 4.1, 4.3], the mapping
φ : G −→ Aut(G−1), [(n,m), (a, b), i] 7→ hi =
{
hi|〈σ,τ〉 = Hi(a, b),
ǫ 7→ σnτmǫ(−1)
i
,
where
H0(a, b) =
[
a 0
0 b
]
, H1(a, b) =
[
0 a
b 0
]
,
is an isomorphism.
Since the p-Sylow subgroup of G−1 is characteristic, there exist a group homomorphism
ν : Aut(G−1) −→ Aut(G−1/〈σ, τ〉), h± 7→ ±1.
The kernel of ν is denoted by Aut(G−1)+ and it contains the p-Sylow subgroup of Aut(G−1), generated by
α1 = [(1, 0), (1, 1), 0] and α2 = [(0, 1), (1, 1), 0], and the elements of odd order of Aut(G−1). In particular,
Aut(G−1) is generated by Aut(G−1)+ and ψ = [(0, 0), (1, 1), 1], defined by
(9) ψ =
{
σ 7→ τ, τ 7→ σ, ǫ 7→ ǫ−1 .
Proposition 3.16. The skew braces of G−1-type with | kerλ| = p2 are (Ba,b,+, ◦) where (Ba,b,+) =
Z2p ⋊D1,−1 Zq and
(Ba,b, ◦) = Z
2
p ×Da+1,b−1 Zq
∼=

Z
2
p × Zq, if a = −1, b = 1,
G0, if a = −1, b 6= 1,
G b−1
a+1
, otherwise,
for 0 ≤ a, b ≤ q − 1 and (a, b) 6= (0, 0). In particular, they are bi-skew braces and Ba,b ∼= Bc,d if and only if
(c, d) = (−b,−a) and so there are (q−1)(q+2)2 such skew braces.
Proof. Let G be a regular subgroup of Hol(G−1) such that |π2(G)| = q and then π2(G) ≤ Aut(G−1)+.
Arguing as in Proposition 3.6 we can show that every such group is conjugate to a subgroup
Ga,b = 〈σ, τ, ǫγ
a
1 γ
b
2〉.
This subgroup is conjugate to G−b,−a by ψ as defined in (9) Hence the groups of the form Ga,−a are
normalized by ψ and the other orbits have length 2. Therefore there are
q − 1 +
q(q − 1)
2
=
(q − 1)(q + 2)
2
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orbits under the action of ψ. The statement follows by the same argument of Proposition 3.6. 
Employing the very same argument as in Lemma 3.7 we have the following.
Lemma 3.17. The unique skew brace of G−1-type with | kerλ| = q is (B,+, ◦) where (B,+) = Z2p⋊D1,−1 Zq
and x1x2
x3
 ◦
y1y2
y3
 =
D1,−1(x1x2
)
+Dx31,−1
(
y1
y2
)
x3 + y3
 .
for every 0 ≤ x1, x2, y1, y2 ≤ p− 1 and 0 ≤ x3, y3 ≤ q − 1.
Lemma 3.18. A set of representative regular subgroups G of Hol(G−1) with |π2(G)| = p is
Hi = 〈ǫ, τ, σ
1
λ−1α1α
i
2〉
for i = 0, 1.
Proof. Arguing as in Lemma 3.8 we can show that every regular subgroup of Hol(G−1) with |πs(G)| = p is
conjugate to Hi,Ki for i = 0, 1. It is easy to see that H0 is conjugate to K0 by the automorphism ψ and
that H1 is conjugate to K1 by the automorphism [(0, 0), (g
2, 1), 1]. 
Lemma 3.19. A set of representatives of conjugacy classes of subgroups of Aut(G−1) of order pq and p2q is
Size G Parameters Class
pq H1,s = 〈α1, βs〉 0 ≤ s ≤ q − 1 Zp ⋊g Zq
H2,0 = 〈α2, β0〉 - Zpq
W = 〈α1α2, β1〉 - Zp ⋊g Zq
p2q Ts = 〈α1, α2, βs〉 ∼= Gs s ∈ B Gs
where βs = [(0, 0), (g, g
s), 1].
Proof. The subgroups of size pq of Aut(G−1)+ up to conjugation are collected in Lemma 3.9. We need to
compute the orbits of such groups under the action by conjugation of ψ. It is easy to see that ψH1,sψ = H2,s−1
for s 6= 0, ψH1,0ψ = K2, ψH2,0ψ = K1, ψTsψ = Ts−1 , ψUψ = T0 and ψWψ is conjugate to W by an element
of Aut(G−1)+. 
In the following we consider the subgroup
H = 〈σ, τ, α1, α2〉✂Hol(G−1).
Lemma 3.20. A set of representatives of conjugacy classes of regular subgroups G of Hol(G−1) with |π2(G)| =
pq is the following:
π2(G) Subgroups Parameters Isomorphism class #
H1,s H˜1,s,d = 〈τ, σ
1
g−1 α1, ǫ
dβs〉 0 ≤ s ≤ q − 1, Gs−d q(q − 1)
1 ≤ d ≤ q − 1
Ĥs = 〈σ, τα1, ǫ
s−1βs〉 2 ≤ s ≤ q Gs q − 1
Hs = 〈στ, σ
1
g−1 α1, ǫ
1−s
2 βs〉 2 ≤ s ≤ q G s+1
2
q − 1
H2,0 H˜2,0,d = 〈σ, τ
1
g−1−1 α2, ǫ
dβ0〉 1 ≤ d ≤ q − 1 Z
2
p × Zq, if d = −1 q − 1
G0, otherwise
Ĥs,0 = 〈τ, σα2, ǫ
−1β0〉 - G0 1
H2,0 = 〈στ, τ
1
g−1−1α2, ǫ
−
1
2 β0〉 - G0 1
W W˜d = 〈σ, τ
1
g−1−1α1α2, ǫ
dβ1〉 1 ≤ d ≤ q − 1 Gd+1 q − 1
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Proof. In order to compute the regular subgroups of Hol(G−1) up to conjugation we need to compute the
conjugacy classes of subgroup with a fixed image under π2 with respect to the action of the normalizer of the
image. If π2(G) 6=W , then its normalizer is contained in Aut(G−1)+ ∼= Aut(Gk) for k 6= 0,±1 and so we can
prove that such groups are not conjugate as we did in Lemma 3.10. Otherwise, the groups with π2(G) =W
are conjugate to W˜d for some d 6= 0 as in Lemma 3.10. Since
ψǫcβ1ψH = ǫ
−cβ1H,
if W˜c and Ŵd are conjugate then c = −d. It is easy to see that the groups W˜d and Ŵ−d are conjugate by
[(0, 0), (g2, 1), 1]. 
Lemma 3.21. A set of representatives of conjugacy classes of regular subgroups G of Hol(G−1) with
|π2(G)| = p2q is
π2(G) Subgroups Class Parameters #
Ts T˜d,s = 〈σ
1
g−1 α1, τ
1
g−1−1α2, ǫ
dβs〉 Gs s ∈ B \ {1} ,
q2−1
2
1 ≤ d ≤ q − 1
T̂c,s = 〈τσ
1
g−1 α1, σ
cτ
1
g−1−1α2, ǫ
s−1βs〉 Gs s ∈ B \ {1,−1} ,
(p−1)(q−1)
2
0 ≤ c ≤ p− 1, c 6= − g
(g−1)2
T s = 〈σ
1
g−1α1, στ
1
g−1−1 α2, ǫ
s−1βs〉 Gs s ∈ B \ {1,−1}
q−1
2
T1 T˜d,1 = 〈σ
1
g−1 α1, τ
1
g−1−1 α2, ǫ
dβ1〉 G1 1 ≤ d < −d ≤ q − 1
q−1
2
T−1 T̂c,−1 = 〈τσ
1
g−1 α1, σ
cτ
1
g−1−1α2, ǫ
−2β−1〉 G−1 0 ≤ c ≤ p− 1, c 6= −
g
(g−1)2
p− 1
Proof. Let us show that the groups with the same image under π2 in the table are not conjugate.
• if π2(G) = Ts and s 6= ±1 then NAut(G1)(Ts) = Aut(G−1)
+. So the groups in different rows and
the groups in the family T̂c,s are not pairwise conjugate, since their p-Sylow are not conjugate by
elements in Aut(G−1)+. If T˜c,s and T˜d,s are conjugate, then by looking at their images in Hol(G−1)/H
we have c = d.
• If s = 1, then T1 is normal in Aut(G−1) and
ψǫcβ1ψH = ǫ
−cβ1H.
So, if T˜d,1 and T˜c,1 are conjugate then c = −d. In particular, T˜d,1 and T˜c,1 are conjugate by
[(0, 0), (−g,−g), 1].
• If s = −1, then T−1 is normal in Aut(G−1) and
ψǫcβ−1ψH = ǫ
−cβ−1−1H.
The group ψT˜c,−1ψ is conjugate to T˜c,−1 by an element of Aut(G−1)+ and the groups T̂c,−1 are not
conjugate, since their p-Sylow are not. If the group ψT−1ψ is conjugate to T̂c,−1 by and element of
Aut(G−1)+ then their p-Sylow are conjugate and it follows that c = 0. In particular, T̂0,−1 and T−1
are conjugate by [(0, 0), (−g,−g),−1].
A regular subgroup of Hol(G−1) with π2(G) = Ts has the form
G = 〈σaτbǫa′α1, σ
cτdǫc
′
α2, σ
xτyǫzβs〉.
From the (R) conditions we have that a′ = c′ = 0, a = 1
g−1 , d =
g
1−g and either z = s− 1 or b = c = 0. If
z = 0, according to Lemma 2.4(1) we have π1(G) ⊆ 〈σ, τ〉 and so G is not regular. Hence z 6= 0.
If b = c = 0, then G has the following form:
G = 〈σ
1
g−1α1, τ
g
1−g α2, σ
xτyǫzβs〉.
The last generator has order q, so if z = −1 then then x = 0 and if z = s then y = 0. We have that G is
conjugate to T˜d,s by a suitable element of 〈α1, α2〉.
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Assume that (b, c) 6= (0, 0) and so z = s− 1. In particular, s 6= 1 since z 6= 0. It is easy to see that, up to
conjugation by element of the form [(0, 0), (x, x), 0] we can assume that either b = 0 and c = 1 or that b = 1
and c 6= 0. If σ
1
g−1 τb = (σcτ
g
g−1 )n for some n ∈ N, then b = 1 and
(σcτ
g
g−1α2)
−nσ
1
g−1 τα1 = α1α
−n
2 ∈ G ∩ (1×Aut(G−1))
and soG is not regular. Therefore, the elements σ
1
g−1 τ and σcτ
g
g−1 are linearly independent and so c 6= g(g−1)2 .
If b = 0 (resp. b = 1), G is conjugate to T s (resp. to T̂c,s) by a suitable element of 〈α1, α2〉. 
We summarize the contents of this subsection in the following table:
| kerλ| Z2p × Zq Gk G0 G−1 G1
1 - p+ q − 1 p+ q − 1 p+ q − 2 q−1
2
p 1 2(q + 2) 2(q + 1) q + 2 q − 1
q 1 - - - -
pq - - 2 - -
p2 1 q − 1 q − 1 q − 2 q−1
2
p2q - - - 1 -
Table 6. Enumeration of skew braces of G−1-type for p = 1 (mod q).
3.5. Skew braces of G1-type. A presentation of the group G1 is the following
G1 = 〈σ, τ, ǫ
∣∣ σp = τp = ǫq = [σ, τ ] = 1, ǫσǫ−1 = σg, ǫτǫ−1 = τg〉.
According to [8, Subsections 4.1, 4.2], the mapping
φ : Z2p ⋊GL2(p) −→ Aut(G1), [(n,m), H ] 7→ h =
{
h|〈σ,τ〉 = H, ǫ 7→ σ
nτmǫ ,
is a group isomorphism. In particular, |Aut(G1)| = p3(p− 1)2(p+ 1) and a p-Sylow of Aut(G1) is generated
by α1 = [(1, 0), Id], α2 = [(0, 1), Id], γ = [(0, 0), C], where C is defined as in Remark 2.5.
Proposition 3.22. The skew braces of size G1-type with | kerλ| = p2 are (Ba,b,+, ◦) where (Ba,b,+) =
Z2p ⋊D1,1 Zq and
(Ba,b, ◦) = Z
2
p ⋊Da+1,b+1 Zq
∼=

Z2p × Zq, if a = b = −1,
G0, if a = −1, b 6= −1,
G b+1
a+1
, otherwise,
for 0 ≤ a, b ≤ q − 1 and (a, b) 6= (0, 0). Moreover, they are bi-skew braces and Ba,b ∼= Bc,d if and only if
(c, d) = (b, a) and so there are (q−1)(q+2)2 such skew braces.
Proof. Let G be a regular subgroup of Hol(A) such that |π2(G)| = q. Arguing as in Proposition 3.6 we can
show that every such group is conjugate to a subgroup
Ga,b = 〈σ, τ, ǫγ
a
1 γ
b
2〉.
Hence Ga,b and Gc,d are conjugate if and only if
h(ǫ)hγa1γ
b
2h
−1 = ǫhγa1γ
b
2h
−1 = ǫγc1γ
d
2 (mod kerπ2|Gc,d),
i.e. γa1γ
b
2|〈σ,τ〉 and γ
c
1γ
d
2 |〈σ,τ〉 are conjugate, i.e. (a, b) = (c, d) or (a, b) = (d, c). In particular there are
(q−1)(q+2)
2 such classes. The other claims follows as in Proposition 3.6. 
Lemma 3.23. A set of representatives of conjugacy classes of regular subgroups G of Hol(G1) with |π2(G)| =
p is
H = 〈ǫ, τ, σ
1
g−1α1〉 ∼= G0, K = 〈ǫ, σ, τ
1
g−1α2γ〉 ∼= G0.
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Proof. Up to conjugation the subgroups of order p of Aut(G1) are 〈α1〉, 〈γ〉 and 〈α2γ〉. So H and K are
regular, |π2(H)| = |π2(K)| = p and they are not conjugate.
Let G be a regular subgroup of Hol(G1) with |π2(G)| = p. If π2(G) = 〈α1〉, arguing as in Lemma 3.8 we
can show that G is conjugate to H .
Assume that π2(G) = 〈γ〉. Then
G = 〈uǫ, v, wγ〉,
for some u, v, w ∈ 〈σ, τ〉. According to (K), then v ∈ 〈σ〉 and so we can assume that v = σ, u = τb and
w = τc for some b, c. Then
τcγ(τbǫ)τ−c = σbτb+(1−g)cǫ ∈ kerπ2
which implies c = 0. So γ ∈ G and then G is not regular.
Let π2(G) = 〈α2γ〉. Arguing as in the previous case we can assume that
G = 〈τbǫ, σ, τcα2γ〉.
Since kerπ2 is normal then c =
1
g−1 . Hence G is conjugate to K by α
−b
2 γ
−b. 
Lemma 3.24. A set of representatives of conjugacy classes of regular subgroups G of Hol(G1) with |π2(G)| =
p2 is
Hi = 〈ǫ, σ
1
g−1α1, τ
1
g−1α2γ
i〉 ∼= Z2p × Zq,
for i = 0, 1.
Proof. The subgroups of size p2 are 〈α1, α2〉, 〈α1, γ〉 and 〈α1, α2γ〉. By Lemma 2.4(2) then 〈σ, ǫ〉 ⊆ π1(Hi)
and τ ∈ π1(Hi). Then the group Hi are regular and they are not conjugate since their image under π2 are
not.
Let G be a regular subgroup of Hol(G1) such that |π2(G)| = p2. The kernel of π2 is a normal q-Sylow of G
and so G is abelian. Moreover, up to conjugation by the normalizer of π2(G) we can assume that the kernel
is 〈ǫ〉.
Let π2(G) = 〈α1, α2〉. Then
G = 〈ǫ, uα1, vα2〉
for some u, v ∈ 〈σ, τ〉. From abelianess of G it follows that u = σ
1
g−1 and v = τ
1
g−1 , i.e. G = H0.
Let π2(G) = 〈α1, γ〉. We have
G = 〈ǫ, vα1, wγ〉,
for some v, w ∈ 〈σ, τ〉. From the abelianness of G we have that w1−g = 1 and then w = 1 and so G is not
regular, contradiction.
Let π2(G) = 〈α1, α2γ〉. So
G = 〈ǫ, vα1, wα2γ〉.
Since G is abelian then v = σ
1
g−1 and w = τ
1
g−1 , i.e. G = H1.

The following lemma collects the conjugacy classes of subgroups of size pq and p2q of Aut(G1).
Lemma 3.25. A set of representatives of conjugacy classes of subgroups of size pq and p2q of Aut(G1) is
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Size G Parameters Class
pq Hs = 〈α1, βs〉 0 ≤ s ≤ q − 1 Zp ⋊g Zq
U = 〈α2, β0〉 - Zpq
Ks = 〈γ, βs〉 0 ≤ s ≤ q − 1 Zpq, if s = 1,
Zp ⋊g Zq, otherwise
M = 〈α1α
2
2γ, β2−1〉 - Zp ⋊g Zq
V = 〈γ, β˜〉 - Zp ⋊g Zq
p2q Ts = 〈α1, α2, βs〉 s ∈ B Gs
Rs = 〈α1, γ, βs〉 0 ≤ s ≤ q − 1 G1−s
N = 〈α1, γ, β˜〉 - G0
L = 〈α1, α2γ, β2−1〉 - G2
where βs = [(0, 0),D1,s] and β˜ = [(0, 0),D0,1] as defined in Remark 2.5.
Proof. The groups in the table are not conjugate since their p-Sylow subgroups and their restriction to 〈σ, τ〉
are not conjugate by the same automorphism.
Let H be a subgroup of order pq of Aut(G1). If |H |〈σ,τ〉| = q then, according to Remark 2.5 we have that
H |〈σ,τ〉 is generated by D1,s for s ∈ B. Hence
H = 〈αn1α
m
2 , α
r
1α
t
2βs〉,
where βs = [(0, 0),D1,s] and αr1α
t
2βs has order q. Since (α
r
1α
t
2βs)
q = 1, if s = 0 then t = 0. Conjugating by a
suitable element of 〈α1, α2〉 we can assume that r = t = 0. If s 6= 1 from the normality of the p-Sylow of H it
follows that either n = 0 or m = 0. Moreover, if s 6= 0, 1 the pairs Hs = 〈α1, βs〉 and Hs−1 = 〈α2, βs−1〉 are
conjugate by the automorphism ψ swapping σ and τ . If s = 1 we can conjugate the group by any element
of the form [(0, 0),M ] and so we can assume that n = 1 and m = 0. Hence, H is conjugate to U or to H1
for 0 ≤ s ≤ q − 1.
If |H |〈σ,τ〉| = pq then, according to Remark 2.5, up to conjugation have that H |〈σ,τ〉 = 〈C,D1,s〉 or
H |〈σ,τ〉 = 〈C,D0,1〉. Therefore
H = 〈αn1α
m
2 γ, α
r
1α
t
2θ〉.
for θ ∈ {D1,s,D0,1, 0 ≤ s ≤ q − 1}. If θ = D1,0 then t = 0 and if θ = D0,1 then r = 0. As in the previous
case, up to conjugation we can assume that r = t = 0.
The p-Sylow of H has to be normal and so it follows that n,m are solutions of the following system of
linear equations: {
2n(g1−s − g) +mg1−s(g1−s − 1) = 0
(gs − g1−s)m = 0.
Hence:
• if θ = β˜, βs for s 6= 0, 2−1 then n = m = 0, i.e. H = Ks or H = V .
• If θ = β2−1 then m = 2n and then, either n = m = 0 or up to conjugation by [(0, 0), n
−1Id],
n = 1,m = 2, i.e. H = K2−1 or H is conjgugate to M.
• If θ = β0 then either n = m = 0 or, up to conjugation by [(0, 0), n−1Id], m = 0 and n = 1. Since
α2〈α1γ, β0〉α
−1
2 = K0 then H is conjugate to K0.
Let H be a subgroup of Aut(G1) of size p
2q and assume that |H |〈σ,τ〉| = q. Then the p-Sylow of H is
generated by α1, α2. Such group is normal in Aut(G1) and so we can choose an element of order q up to
conjugation, i.e. H = Ts for s ∈ B.
Assume that |H |〈σ,τ〉| = pq. Then, up to conjugation,
H = 〈αn1α
m
2 , α
r
1α
t
2γ, α
u
1α
w
2 θ〉,
where θ is either βs or β˜. From the abelianness of the p-Sylow it follows that m = 0 and therefore we can
assume that n = 1 and r = u = 0. If θ = β0 then w = 0, otherwise, up to conjugation by some power of α2
we can assume that w = 0. From the normality of the p-Sylow it follows that:
• if θ = βs for s 6= 2−1 then t(gs − g1−s) = 0 and so t = 0, i.e. H = Rs.
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• If θ = β˜ then (1− g)t = 0 and so t = 0, i.e. H = N .
• If θ = β2−1 then up to conjugation t ∈ {0, 1}, i.e. H = R2−1 or H is conjugate to L. 
In the following we consider the group
H = 〈σ, τ, α1, α2〉✂Hol(G1).
Note that Hol(G1)/H ∼= Zq ×GL2(p).
Lemma 3.26. A set of representatives of conjugacy classes of regular subgroups G of Hol(G1) with |π2(G)| =
pq is
π2(G) Subgroups Parameters Class #
Hs H˜s,c = 〈τ, σ
1
g−1 α1, ǫ
cβs〉 0 ≤ s ≤ q − 1, Gc+s q(q − 1)
1 ≤ c ≤ q − 1
Ĥs = 〈σ, τα1, ǫ
1−sβs〉 2 ≤ s ≤ q G2−s q − 1
Ks K˜s = 〈σ, τγ, ǫ
1−2sβs〉 0 ≤ s ≤ q − 1, Z
2
p × Zq, if s = 1, q − 1
s 6= 2−1 G2, otherwise.
U U˜c = 〈σ, τ
1
g−1 α2, ǫ
cβ0〉 1 ≤ c ≤ q − 1 Z
2
p × Zq, if c = −1, q − 1
G0, otherwise.
U˜ = 〈τ, σα2, ǫ
−1β0〉 - G0 1
M M˜c = 〈σ, τ
2
g−1 α1α
2
2γ, ǫ
cβ2−1 〉 1 ≤ c ≤ q − 1 G2(c+1) q − 1
V V˜ = 〈σ, τγ, ǫ−2β˜〉 - G2 1
Proof. The groups H˜s,c and Ĥs are not conjugate, since their p-sylow subgroups are not conjugate by elements
in the normalizer of Hs. If H˜s,c and H˜s,d are conjugate, then so they are their images in Hol(G1)/H, and
therefore it follows that c = d (the same arguments apply to the groups with image under π2 equal to U and
M).
Assume that π2(G) = Hs. Up to conjugation by elements of the normalizer of Hs we can assume that
the kernel is be generated by σ, τ or στ . Assume that the kernel is generated by στ . Then
G = 〈στ, σaα1, σ
bǫcβs〉.
The (K) condition implies that s = 1. Then γ ∈ NAut(G1)(H1) and so G is conjugate by γ
−1 to a group with
kernel generated by τ . So we can assume that the kernel is generated by σ or τ .
In the first case, G has the form
G = 〈σ, τaǫa
′
α1, τ
bǫcβs〉.
The (R) conditions imply that a′ = 0, c = 1− s and so a 6= 0. If c = 0, by Lemma 2.4(1) then π1(G) ⊆ 〈σ, τ〉
and so G is not regular. Thus s 6= 1 and the group G is conjugate to Ĥs by
h = αn1
[
(0, 0),
(
1 0
0 a−1
)]
where n = ba
−1(1−g)
g1−s−1 . If the kernel is generated by τ , G has the form
G = 〈τ, σaǫa
′
α1, σ
bǫcβs〉,
and the (R) conditions imply a′ = 0 and a = 1
g−1 , and c 6= 0 since G is regular. If c = −1, then since
(σbǫcβs)
q = 1 (mod kerπ2), then b = 0. Otherwise, G is conjugate to H˜s,c by h = α
n
1 for n = −b
g−1
gc+1−1 .
Let π2(G) = Ks. Then G has the form
G = 〈v, uγ, wǫcβs〉,
where v, u, w ∈ 〈σ, τ〉. From (K) we have that v ∈ 〈σ〉 and so
G = 〈σ, τaγ, τbǫcβs〉
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where c 6= 0. The conditions (R) imply that c = 1 − 2s and then s 6= 2−1. Up to conjugation by h =
[(0, 0), a−1Id] we can assume that a = 1. Since (τbǫcβs)
q ∈ kerπ2, if s = 1 then b = 0. Otherwise, G is
conjugate to K˜s by γ
n where n = b1−g1−s .
The other case are similar and so we omit the computations. 
Lemma 3.27. A set of representatives of conjugacy classes of regular subgroups G of Hol(G1) with |π2(G)| =
p2q is
π2(G) Subgroups Parameters Class #
Ts T˜s,d = 〈σ
1
g−1 α1, τ
1
g−1 α2, ǫ
dβs〉 s ∈ B \ {−1} Gs
(q−1)(q+1)
2
1 ≤ d ≤ q − 1
T˜−1,d = 〈σ
1
g−1 α1, τ
1
g−1 α2, ǫ
dβ−1〉 1 ≤ d < −d ≤ q − 1 G−1
q−1
2
T̂s = 〈σ
1
g−1 α1, στ
1
g−1 α2, ǫ
s−1βs〉 s ∈ B \ {1} Gs
q+1
2
T s = 〈τσ
1
g−1 α1, τ
1
g−1 α2, ǫ
1−sβs〉 s ∈ B \ {1,−1} Gs
q−1
2
Rs R˜s = 〈σ
1
g−1 α1, τγ, τ
1−g1−s
2 ǫ1−2sβs〉 0 ≤ s ≤ q − 1, s 6= 2
−1 G1−s q − 1
N N˜ = 〈σ
1
g−1 α1, τγ, τ
1−g−1
2 ǫ−2β˜〉 - G0 1
L L˜d = 〈σ
1
g−1 α1, τ
1
g−1 α2γ, ǫ
dβ2−1〉 1 ≤ d ≤ q − 1 G2 q − 1
Proof. Let us show that the groups in the table are not conjugate:
• If T˜s,d and T˜s,c are conjugate then, by looking at their images in Hol(G1)/H it follows that c = d
(and the same argument shows that the groups T̂s and T s for s 6= −1 and the groups L˜d are not
pairwise conjugate).
• If π2(G) = Ts for s 6= ±1 then the action of h ∈ NAut(G1)(π2(G)) restricted to 〈σ, τ〉 is a diagonal
matrix. Therefore the groups T˜s,d, T̂s and T s are not conjugate, since their p-Sylow subgroups are
not.
• If π2(G) = T−1 then the action of h ∈ NAut(G1)(π2(G)) restricted to 〈σ, τ〉 is a either a diagonal
matrix or it has the form
h|〈σ,τ〉 =
[
0 b
a 0
]
.
The groups T̂−1 and T−1 and the groups T˜−1,c and T˜−1,−c are conjugate by ψ =
[
(0, 0),
[
0 1
1 0
]]
and the others are not, since their p-Sylow are not conjugate.
Assume that π2(G) = Ts. Then G has the form
G = 〈σaτbǫa
′
α1, σ
cτdǫb
′
α2, σ
eτf ǫuβs〉.
The (R) conditions imply that a′ = b′ = 0, a = d = 1
g−1 and b(g
s+u−1 − 1) = c(gu−s+1 − 1) = 0. If u = 0,
then by Lemma 2.4(1) π1(G) ⊆ 〈σ, τ〉 and so G is not regular. Hence u 6= 0. The last generator has order q,
so if u = −1 then e = 0 and if u = −s then f = 0.
Assume that b = c = 0. Then G is conjugate to T˜s,g by h = α
n
1α
m
2 where
n =
{
0, if u = −1,
e(1−g)
gu+1−1 , otherwise
, m =
{
0, if u = −s,
f(1−g)
gu+s−1 , otherwise
.
Assume that both b and c are not zero. Then s + u − 1 = u − s + 1 = 0, which implies s = 1 and then
u = 0, contradiction.
Let assume that b = 0 and c 6= 0. Then u = s− 1 and so s 6= 1. Up to conjugation by h = [(0, 0), c−1Id]
we can assume that c = 1. The third generator has order q, so if s = 0 then e = 0 and if s = 2−1 then f = 0.
Then G is conjugate to T̂s by h = α
n
1α
m
2 where
m =
{
0, if s = 2−1,
f(1−g)
g2s−1−1 , otherwise
, n =
{
0, if s = 0,
(1− g)( e
gs−1 −m), otherwise
.
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Similarly, if c = 0 and b 6= 0 we have that G is conjugate to T s.
The other cases can be done similarly. 
kerλ Z2p × Zq Gk, k 6= 0,±1, 2 G2 G0 G−1 G1
1 - q + 3 2q + 1 q + 3 q+3
2
q
p 2 2(q + 1) 3q 2q q + 1 q
q 2 - - - - -
pq - - - 2 - -
p2 1 q − 1 q − 1 q − 1 q−1
2
q − 2
p2q - - - - - 1
kerλ Z2p × Z3 G0 G−1 G1
1 - 6 4 3
p 2 6 5 3
3 2 - - -
3p - 2 - -
p2 1 2 1 1
3p2 - - - 1
Table 7. Enumeration of skew braces of G1-type for p = 1 (mod q): the left table assume
q > 3 and the right table assume q = 3.
4. Skew braces of size p2q with p = −1 (mod q)
In this section we assume that p and q are odd primes such that p = −1 (mod q) and that H(x) =
x2 + ξx+ 1 is an irreducible polynomial over Zp such that its companion matrix
F =
[
0 −1
1 −ξ
]
has order q. In particular,
(10) H(Fn) = 0 if and only if n = ±1.
According to [6, Proposition 21.17], the unique non-abelian group of size p2q is:
GF = 〈σ, τ, ǫ |σ
p = τp = ǫq = 1, ǫσǫ−1 = τ, ǫτǫ−1 = σ−1τ−ξ〉 ∼= Z2p ⋊F Zq.
An automorphism of GF is determined by its image on the generators, i.e. by its restriction to 〈σ, τ〉 given
by a matrix and by the image on ǫ. According to [8, subsections 4.1, 4.4], the map
φ : Z2p ⋊ρ (NGL2(p)(F )) −→ Aut(GF ), [(n,m),M ] 7→ h± =
{
h|〈σ,τ〉 = M±
ǫ 7→ σnτmǫ±1
,
where φ([(n,m),M ]) = h+ if M ∈ CGL2(p)(F ) and h− otherwise, is a group isomorphism. The form of
M± = h±|〈σ,τ〉 is the following:
(11) M+ =
[
x −y
y x− ξy
]
, M− =
[
x y − ξx
y −x
]
,
where x, y ∈ Zp and x
2 + y2 − ξxy 6= 0. The p-Sylow subgroup of GF is characteristic, so the map
ν : Aut(GF ) −→ Aut(GF /〈σ, τ〉), h± 7→ ±1,
is a group homomorphism. The kernel of ν is Aut(GF )+ = Z2p ⋊ CGL2(p)(F ) and it contains the p-Sylow of
Aut(GF ), generated by α1 = [(1, 0), Id] and α2 = [(0, 1), Id], and the elements of odd order of Aut(GF ).
Proposition 4.1. Let G be a regular subgroup of Hol(GF ). Then |π2(G)| 6= p, pq.
Proof. Let G be a regular subgroup of Hol(GF ) .
If |π2(G)| = p, the kernel of π2 is a subgroup of order pq of GF . But GF has no such subgroups,
contradiction.
If |π2(G)| = pq, then kerπ2 is a normal subgroup of G of size p. Therefore G is abelian and so it is
π2(G). Up to conjugation there exists a unique abelian subgroup of Aut(GF ) of size pq and it is of the form
〈[(0, 0),M ]〉 where M ∈ CGL2(p)(F ) and |M | = pq. Then we can assume that
G = 〈v, uǫaM〉
for v ∈ 〈σ, τ〉. The (K) condition implies that v ∈ ker (1− F cM) = 0, contradiction. 
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The subgroup
(12) H = 〈σ, τ, α1, α2〉
is normal in Hol(GF ).
Lemma 4.2. The skew braces of GF -type with | kerλ| = p
2 are (Ba,+, ◦) where (Ba,+) = Z
2
p ⋊F Zq and
(Ba, ◦) = Z
2
p ⋊
F
a+1
a
Zq
∼=
{
Z2p × Zq, if a = −1,
GF , otherwise.
for 1 ≤ a ≤ q − 1. In particular they are bi-skew braces.
Proof. The groups
Gd = 〈σ, τ, ǫ
df〉
have size p2q and they are regular. Let H as in (12) and assume that Gd and Gc are conjugate by h, then
h(ǫ)chfh−1H = ǫ±cf±1H = (ǫdf)nH,
for some n. So n = ±1 and c = d.
Let G be a regular subgroup of Hol(GF ) such that |π2(G)| = q. Up to conjugation, we can assume that
π2(G) is generated by f . The kernel of π2 is the p-sylow of GF and then we can assume that
G = 〈σ, τ, ǫdf〉
where d 6= 0. Arguing as in Proposition 3.6 we can provide the structure of the skew braces associated to
the group Gd. 
Lemma 4.3. There is just one conjugacy class of regular subgroup G of Hol(GF ) with |π2(G)| = p2. A
representative is
H = 〈ǫ, uα1, wα2〉 ∼= Z
2
p × Zq,
where v = (1 − F )−1(σ) and w = (1 − F )−1(τ).
Proof. The group H has the desired property. Assume that G is a regular subgroup of Hol(GF ) with
|π2(G)| = p2. Then the image of π2 is the normal p-Sylow of Aut(GF )+ generated by α1 and α2. The kernel
of π2 is a normal subgroup of size q of G, and so G is abelian. Up to conjugation, we can assume that the
kernel is generated by ǫ and so we have G = 〈ǫ, uf, wg〉. From the fact that G is abelian, it follows that
v = (1− F )−1(σ) and w = (1− F )−1(τ). 
Let us define the map Ψ by setting
Ψ : Z2p −→ Zp, (x, y) 7→ x
2 + y2 − x+ y − ξxy.
It is easy to check that Ψ is surjective.
Lemma 4.4. A set of representatives of regular subgroups G of Hol(GF ) such that |π2(G)| = p
2q is
Groups Parameters Class #
Gc = 〈ucα1, f(uc)α2, ǫ
cf〉 1 ≤ c ≤ q − 1, c 6= −2 GF q − 2
Ha = 〈f(vaσ
−1)σ−1α1, vaα2, ǫ
−2f〉 1 ≤ a ≤ p− 1 GF p− 1
where f = [(0, 0), F ], uc = H(F
c+1)−1(F − 1)−1(1 − F c)(1 − F c+2)(σ) and va is a fixed element such that
Ψ(va) = a.
Proof. The subgroup Gc in the statement are regular. Indeed ǫ
c ∈ π1(Gc) and according to Lemma 2.4(2)
we have 〈uc, f(uc)〉 ⊆ π1(Gc). So |π1(Gc)| > p2 and so π1(Gc) = GF (and similarly for Ha).
If Gc is conjugate to Gd or to Ha, then arguing as in Lemma 4.2 it follows that c = d or c = −2. Let Ha
and Hb be conjugate. Then their p-Sylow subgroups Pva = 〈f(vaσ
−1)σ−1α1, vaα2〉 and Pvb are conjugate
by M± as in (11). This condition turns out to be equivalent to have Ψ(va) = Ψ(vb). Hence a = b.
The unique subgroup of order p2q of Aut(A) is generated by α1, α2 and f = [(0, 0), F ] and it is isomorphic
to GF . Therefore, the standard presentation of the regular subgroup G of Hol(A) with |π2(G)| = p2q is
G = 〈uǫaα1, vǫ
bα2, wǫ
cf〉
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where u, v, w ∈ 〈σ, τ〉. From the (R) conditions on the order of the first two generators it follows that
a = b = 0. If c = 0, then by Lemma 2.4(1) π1(G) ⊆ 〈σ, τ〉 and then G is not regular. Thus c 6= 0 and from
the (R) conditions we have that
(13)
{
v = F c+1(u) + (F − 1)−1(1− F c)F (σ)
h(F c+1)(u) = (F − 1)−1(1 − F c)(1 − F c+2)(σ).
According to (10), if c 6= −2 then H(F c+1) 6= 0 and therefore H(F c+1) is an invertible automorphism of Z2p
(kerH(F c+1) is an F -invariant subspace, and therefore it is either 0 or Z2p). If c 6= −2 then (13) is equivalent
to
(14)
{
v = F (u)
u = h(F c+1)−1(F − 1)−1(1− F c)(1− F c+2)(σ),
and so
G = 〈uα1, f(u)α2, wǫ
cf〉
where c 6= −2. If c + 1 = 0, the condition (wǫcf)q = 1 implies that w = 0 and so G = G−1. Otherwise,
tGt−1 = Gc where t = α
n
1α
m
2 for some n,m. Indeed, this is equivalent to have w = nx + mF (x), where
x = (1 − F )u − (1 − F )−1(F c − 1)F (σ). Since x 6= 0 for every c 6= −1,−2 then {x, F (x)} is a basis of Z2p
and therefore w ∈ 〈x, F (x)〉.
Let c = −2. In such case, the second condition in (13) is trivial according to (10) and the first one is
equivalent to
(15) u = F (v)− (F + 1)(σ).
Since G is regular, then u and v are linearly independent. If v = (x, y) then u = (−y − 1, x − ky − 1) and
therefore u and v are linearly independent if and only if Ψ(x, y) 6= 0. Since the number of solution of the
equation Ψ(x, y) = 0 is p+ 1, there are p2 − p− 1 choices for v.
Let Pv = 〈uα1, vα2〉. The group Pv˜ where v˜ = (
1
ξ+2 ,−
1
ξ+2 ) is normalized by Aut(GF ) and for the other
admissible values of v the index of the normalizer of Pv in Aut(GF ) is p+1. Hence, there are 1+
p2−p−2
p+1 = p−1
different conjugacy classes of such subgroups.
We show that G is conjugate to some Ha by h ∈ 〈α1, α2〉. Indeed, this is equivalent to have that
w ∈ U = 〈u− v − (F − 1)−1(F−2 − 1)(σ), u+ (ξ + 1)v + (F − 1)−1(F−2 − 1)(1 + ξF )(σ)〉.
If v = (x, y) and Ψ(v) 6= 0, the generators of U are linearly independent and so G is conjugate to Ha for
a = Ψ(v). 
We summarize the contents of this section in the following table:
| kerλ| Z2p × Zq GF
1 - p+ q − 3
q 1 -
p2 1 q − 2
p2q - 1
Table 8. Enumeration of skew braces of GF -type for p = −1 (mod q).
5. Skew braces of size p2q with q = 1 (mod p)
In this section we assume that p and q are primes such that q = 1 (mod p) and q 6= 1 (mod p2) (including
the case p = 2 unless stated otherwise). Let r be a fixed element of order p in Z×q . The relevant non-abelian
groups for this section are the following:
(i) Zp × (Zq ⋊r Zp) = 〈σ, τ, ǫ |σp = τp = ǫq = 1, [ǫ, τ ] = [τ, σ] = 1, σǫσ−1 = ǫr〉.
(ii) Zq ⋊r Zp2 = 〈σ, τ |σ
p2 = τq = 1, στσ−1 = τr〉.
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We summarize in the following table the enumeration of skew braces according to the isomorphism class
of their additive and multiplicative groups.
+\◦ Zp2q Zq ⋊r Zp2 Z
2
p × Zq Zp × (Zq ⋊r Zp)
Zq ⋊r Zp2 2p 2p(p− 1) - -
Zp × (Zq ⋊r Zp) - - 4 6p− 4
Table 9. Enumeration of skew braces of size p2q with q = 1 (mod p), q 6= 1 (mod p2) and p > 2.
+\◦ Z4q Zq ⋊−1 Z4 Z
2
2 × Zq Z2 × (Zq ⋊−1 Z2)
Zq ⋊−1 Z4 2 2 2 4
Z2 × (Zq ⋊−1 Z2) 2 2 2 4
Table 10. Enumeration of skew braces of order 4q with q = 1 (mod 2) and q 6= 1 (mod 4).
5.1. Skew braces of Zq ⋊r Zp2 -type. In this section we denote by A the group Zq ⋊r Zp2 . Such group has
the following presentation:
A = 〈σ, τ |σp
2
= τq = 1, στσ−1 = τr〉.
According to [8, Subsection 4.5], the map
Zp × (Zq ⋊ Z
×
q ) −→ Aut(A), (k, j, i) 7→ ϕ
k
i,j =
{
τ 7→ τ i
σ 7→ τ jσkp+1
,
is an isomorphism. In particular, p2q divides |Aut(A)| = pq(q − 1) and so we need to check all the possible
values for the size of the image of regular subgroups under π2. Note that Z(A) = 〈σp〉 and so 〈τ, σp〉 is an
abelian characteristic subgroup of A.
The conjugacy classes of subgroups of Aut(A) are given in Table 11.
Size Group Parameters Class
p 〈ϕkr,0〉 0 ≤ k ≤ p− 1 Zp
〈ϕ11,0〉 -
q 〈ϕ01,1〉 - Zq
p2 〈ϕ11,0, ϕ
0
r,0〉 - Z
2
p
pq 〈ϕkr,0, ϕ
0
1,1〉 0 ≤ k ≤ p− 1 Zq ⋊r Zp
〈ϕ11,0, ϕ
0
1,1〉 - Zpq
p2q 〈ϕ11,0, ϕ
0
r,0, ϕ
0
1,1〉 - Zp × (Zq ⋊r Zp)
Table 11. Conjugacy classes of subgroups of Aut(A).
Lemma 5.1. The unique skew brace of A-type with | kerλ| = p2 is (B,+, ◦) where (B,+) = Zq ⋊r Zp2 and(
x1
x2
)
◦
(
y1
y2
)
=
(
rx1 + r
x2y1
x2 + y2
)
.
for every 0 ≤ x1, x2 ≤ q − 1 and every 0 ≤ y1, y2 ≤ p2 − 1. In particular, (B, ◦) ∼= Zp2q.
Proof. Let G be such group. The subgroups of size p2 of A are all conjugated to 〈σ〉. Then, according to
Table 11, we have that G has the standard presentation:
G = 〈σ, τaσbϕ01,1〉 = 〈σ, τ
aϕ01,1〉.
By condition (K), we have that a = 1
r−1 . The formula follows by the same argument of Lemma 3.2. 
In the following we consider the group H = 〈σp, τ, ϕ01,1, 〉✂Hol(A) with Hol(A)/H
∼= Zp × Zp × Z×q .
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Lemma 5.2. A set of representatives of conjugacy classes of regular subgroups G of Hol(A) with |π2(G)| = p
is
π2(G) Groups Parameters Class for p > 2 Class for p = 2 #
〈ϕ11,1〉 Ga = 〈τ, σ
p, σaϕ11,0〉 1 ≤ a ≤ p− 1, A Z2 × (Zq ⋊−1 Z2) p− 1
〈ϕkr,0〉 Ha,k = 〈τ, σ
p, σaϕkr,0〉 1 ≤ a ≤ p− 1 Zp2q, if a = p− 1, Z4p, if k = 0, p(p− 1)
0 ≤ k ≤ p− 1 A, otherwise Z22 × Zp if k = 1
Proof. The groups Ga and Ha,k are regular. If Ga and Gb are conjugate, then their image in Hol(A)/H
coincide, i.e. 〈σaϕ11,0〉 = 〈σ
bϕ11,0〉 and so a = b (the same idea applies to the groups Ha,k).
The only subgroup of size pq in A is 〈τ, σp〉. If G is a regular subgroup of Hol(A),we have two cases to
consider according to Table 11. If π2(G) = 〈ϕ11,0〉, then G has the following standard presentation:
G = 〈τ, σp, τbσaϕ11,0〉 = 〈τ, σ
p, σaϕ11,0〉,
where 1 ≤ a ≤ p− 1, i.e. G = Ga.
If π2(G) = 〈ϕkr,0〉 for 0 ≤ k ≤ p− 1, a standard presentation for G is
G = 〈τ, σp, σaϕkr,0〉
with 1 ≤ a ≤ p− 1, i.e. G = Ha,k. 
Lemma 5.3. A set of representatives of conjugacy classes of regular subgroups G of Hol(A) with |π2(G)| = pq
is
π2(G) Groups Parameters Class for p > 2 Class for p = 2 #
〈ϕ11,0, ϕ
1
1,1〉 Ga = 〈σ
p, σaϕ11,0, τ
1
r−1ϕ01,1〉 1 ≤ a ≤ p− 1 Zp2q Z2 × (Zq ⋊−1 Z2) p− 1
〈ϕkr,0, ϕ
0
1,1〉 Ha,k = 〈σ
p, σaϕkr,0, τ
1
r−1ϕ01,1〉 1 ≤ a ≤ p− 1, A Z4q, if k = 0, p(p− 1)
0 ≤ k ≤ p− 1 Z22 × Zq, if k = 1
Proof. The groups Ga and Ha,k are regular. The same argument of Lemma 5.2 shows that they are not
pairwise conjugate.
Let G be a regular subgroup of Hol(A) such that |π2(G)| = pq. According to Table 11 we have two cases,
and in both cases the image of π2 is normal. Up to conjugation, the unique subgroup of size p of A is 〈σp〉
and so kerπ2 = 〈σ
p〉.
If π2(G) = 〈ϕ11,0, ϕ
0
1,1〉. Then
G = 〈σp, τbσaϕ11,0, τ
cσdϕ01,1〉.
From condition (R) we have c = 1
r−1 and d = 0. If a = 0 (mod p) then by Lemma 2.4(1) π1(G) ⊆ 〈σ
p, τ〉
and so a 6= 0 (mod p) since G is regular. Thus, we can assume that 1 ≤ a ≤ p− 1 and so
G = 〈σp, τbσaϕ11,0, τ
1
r−1ϕ01,1〉.
The group G is conjugate to Ga by h = ϕ
0
1,n where n = b
1−r
ra−1 .
If π2(G) = 〈ϕkr,0, ϕ
0
1,1〉 then, according to condition (R) the standard presentation of G is
G = 〈σp, τbσaϕkr,0, τ
1
r−1ϕ01,1〉.
If a = 0 (mod p) then π1(G) ⊆ 〈σp, τ〉 and so a 6= 0 (mod p) since G is regular. So we can assume that
1 ≤ a ≤ p − 1. If a = p − 1, from (σp−1τbϕkr,0)
p ∈ 〈σp〉 it follows that b = 0. Otherwise, G is conjugate to
Ha,k by ϕ
0
1,n where n = b
r−1
ra+1−1 . 
Proposition 5.4. Let p > 2 and let G be a regular subgroup of Hol(A). Then |π2(G)| 6∈ {p2, p2q}.
Proof. If p > 2 then
(16) (σaϕ11,0)
n = σb(p
n(n−1)
2 +n)
(
ϕ11,0
)n
for every n ∈ N.
Let G be a subgroup of Hol(A) of size p2q. If |π2(G)| = p2, then according to Table 11 and the fact that
the kernel of π2 is the normal q-Sylow subgroup of A, we have the following standard presentation for G:
G = 〈τ, τbσaϕ11,0, τ
dσcϕ0r,0〉 = 〈τ, σ
aϕ11,0, σ
cϕ0r,0〉
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where, from condition (R) and using (16) we have a = c = 0 (mod p).
Assume that |π2(G)| = p2q. According to Table 11, G has the standard presentation:
G = 〈τaσbϕ11,0, τ
cσdϕ01,1, τ
eσfϕ0r,0〉.
Conditions (R) together with (16) imply that b = d = f = 0 (mod p). The group 〈σp, τ〉 is characteristic in
A. Hence in both cases, according to Lemma 2.4(1), π1(G) ⊆ 〈σp, τ〉 and so G is not regular. 
Lemma 5.5. Let p = 2. There exists a unique conjugacy class of regular subgroup of Hol(A) with |π2(G)| = 4.
A representative is given by
H = 〈τ, σϕ11,0, σ
2ϕ0−1,0〉 ∼= Z2 × (Zq ⋊−1 Z2).
Proof. Let G be a regular subgroup with |π2(G)| = 4. According to Table 11, we have that a G has the
following standard presentation:
G = 〈τ, σxϕ11,0, σ
yϕ0−1,0〉.
By condition (R) we have y = 2, so x = 1, 3. The group G is conjugate to H by ϕ0−1,0. 
Lemma 5.6. Let p = 2. There exists a unique conjugacy class of regular subgroup G with |π2(G)| = 4q. A
representative is given by
H = 〈τσϕ11,0, τϕ
0
−1,0, τ
− 12ϕ01,1〉
∼= Z2 × (Zq ⋊−1 Z2).
Proof. A regular subgroup with |π2(G)| = 4q has the following standard presentation:
G = 〈τxσyϕ11,0, τ
zσtϕ0−1,0, τ
uσvϕ01,1〉.
By condition (R), we have y = 1, v = t = 0, x = z and u = − 12 and so
G = 〈τxσϕ11,0, τ
xϕ0−1,0, τ
− 12ϕ01,1〉
for some 1 ≤ x ≤ q − 1. The group G is conjugate to H by ϕ0
x−1,0. 
We summarize the contents of this subsection in the following tables:
| kerλ| Zp2q Zq ⋊r Zp2
p p− 1 p(p− 1)
pq p p2 − p− 1
p2 1 -
p2q - 1
| kerλ| Z4q Z
2
2 × Zq Z2 × (Zq ⋊−1 Z2) Zq ⋊−1 Z4
1 - - 1 -
2 - 1 1 1
4 1 - - -
q - - 1 -
2q 1 1 1 -
4q - - - 1
Table 12. Enumeration of skew braces of A-type for q = 1 (mod p), q 6= 1 (mod p2) and
p > 2 and p = 2 respectively.
5.2. Skew braces of Zp × (Zq ⋊r Zp)-type. In this section we denote by A the group Zp × (Zq ⋊r Zp). A
presentation of such group is
A = 〈σ, τ, ǫ |σp = τp = ǫq = 1, [ǫ, τ ] = [τ, σ] = 1, σǫσ−1 = ǫr〉.
According to [8, Subsection 4.6] the mapping
φ : (Zp ⋊ Z
×
p )× (Zq ⋊ Z
×
q ) −→ Aut(A), [(l, i), (s, j)] 7→ αl,iβs,j ,
where
αl,i =

ǫ 7→ ǫ
τ 7→ τ i
σ 7→ τ lσ
and βs,j =

ǫ 7→ ǫj
τ 7→ τ
σ 7→ ǫsσ,
is an isomorphism of groups. In particular, note that αl,i and βs,j commutes. In particular, p
2q divides
|Aut(A)| = pq(p − 1)(q − 1) and so we need to discuss all the possible values for the size of the image of
regular subgroups under π2. The conjugacy classes of subgroups of Aut(A) are collected in the table 13.
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Size Group Class
p 〈α1,1〉 Zp
〈β0,r〉
〈α1,1β0,r〉
q 〈β1,1〉 Zq
pq 〈α1,1, β1,1〉 Zpq
〈β0,r, β1,1〉 Zq ⋊r Zp
〈α1,1β0,r , β1,1〉 Zq ⋊r Zp
p2 〈α1,1, β0,r〉 Z
2
p
p2q 〈α1,1, β1,1, β0,r〉 A
Table 13. Conjugacy classes of subgroups of Aut(A).
Proposition 5.7. The unique skew brace of A-type with | kerλ| = p2 is B = B1×B2, where B1 is the trivial
skew brace of size p and B2 is the unique skew brace of non-abelian type of size pq with | kerλB2 | = p. In
particular, (B, ◦) ∼= Z2p × Zq.
Proof. The unique subgroup of size q of Aut(A) is generated by β1,1 and the kernel is a p-Sylow subgroup
of A which can be taken as 〈σ, τ〉 up to conjugation. Therefore I = 〈τ〉+ ≤ kerλ ∩ Fix(B) ∩ Z(B,+) and
so and I is an ideal of B contained in Z(B, ◦). The subgroup J = 〈ǫ, σ〉+ ✂ (B,+) is a left ideal and since
τ ∈ Z(B, ◦) then J is an ideal of B. Therefore B = I + J and I ∩ J = 0 and so B is a direct product of
the trivial skew brace of size p and a skew brace B2 of size pq with | kerλB2 | = p. According to [2, Theorem
3.6], there exists a unique such skew brace and (B2, ◦) ∼= Zpq. 
In the following we consider the subgroup H = 〈ǫ, τ, α1,1, β1,1〉 ✂ Hol(A). In particular, Hol(A)/H ∼=
Zp × Z
×
p × Z
×
q .
Lemma 5.8. A set of representatives of conjugacy classes of regular subgroups G of Hol(A) with |π2(G)| = p
is
π2(G) Groups Parameters Class for p > 2 Class for p = 2 #
〈α1,1〉 K = 〈ǫ, τ, σα1,1〉 - A Zq ⋊−1 Z4 1
〈β0,r〉 L = 〈ǫ, σ, τβ0,r〉 - A A 1
Gc = 〈ǫ, τ, σ
cβ0,r〉 1 ≤ c ≤ p− 1 Z
2
p × Zq if c = −1, Z
2
2 × Zq p− 1
A otherwise
〈α1,1β0,r〉 Hc = 〈ǫ, τ, σ
cα1,1β0,r〉 1 ≤ c ≤ p− 1 Z
2
p × Zq if c = −1, Z4q p− 1
A otherwise
Proof. The groupsK,L, Gc and Hc are regular and they are not conjugate since their image under π2 or their
kernels are not. If Gc and Gd (resp. Hc and Hd) are conjugate, then their images in Hol(A)/H coincides,
i.e. 〈σcβ0,rH〉 = 〈σdβ0,rH〉. Thus, c = d.
Let G be a regular subgroup of Hol(A) such that |π2(G)| = p. According to Table 13 we need to discuss
three cases. Assume that π2(G) = 〈α1,1〉. Then the kernel has order pq and so G has the form
G = 〈ǫ, σnτm, σaτbα1,1〉.
By condition (K) we have n = 0. So we can assume b = 0 and G = 〈ǫ, τ, σaα1,1〉. So a 6= 0 and G is
conjugate to K by α0,a−1 .
Assume that π2(G) = 〈β0,r〉. Then G has the following standard presentation:
G = 〈ǫ, σnτm, σaτbβ0,r〉.
If n = 0 then G = Ga, otherwise, conjugating by a power of α1,1 we can assume that m = 0 and so a = 0.
Therefore b 6= 0 and so G is conjugate to L by α0,b−1 .
Assume that π2(G) = 〈α1,1β0,r〉. Then
G = 〈ǫ, σnτm, σaτbα1,1β0,r〉.
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The condition (K) implies that n = 0 and so G = 〈ǫ, τ, σaα1,1β0,r〉 = Ha. 
Lemma 5.9. A set of representatives of conjugacy classes of regular subgroups G of Hol(A) with |π2(G)| = pq
is
π2(G) Groups Parameters Class for p > 2 Class for p = 2 #
〈α1,1, β1,1〉 K1 = 〈τ, σα1,1, ǫ
1
r−1 β1,1〉 - Z
2
p × Zq Z4q 1
〈β1,1, β0,r〉 K2 = 〈σ, τβ0,r, ǫ
1
r−1 β1,1〉 - A A 1
Ga = 〈τ, σ
aβ0,r, ǫ
1
r−1 β1,1〉 1 ≤ a ≤ p− 1 A A p− 1
〈β1,1, α1,1β0,r〉 Ha = 〈τ, σ
aα1,1β0,r , ǫ
1
r−1 β1,1〉 1 ≤ a ≤ p− 1 A Zq ⋊−1 Z4 p− 1
Proof. The same argument as in Lemma 5.8 shows that the groups in the statement are regular and not
conjugate. Let G be a regular subgroup of Hol(A) with |π2(G)| = pq. According to Table 13 we have to
check three cases. In all such cases, up to the action of the normalizer of π2(G), we can assume that kerπ2|G
is generated by τ or σ.
Let π2(G) = 〈α1,1, β1,1〉. By the condition (K) we have that kerπ2|G = 〈τ〉. So,
G = 〈τ, ǫaσbα1,1, ǫ
cσdβ1,1〉.
The condition (R) implies that d = 0 and c = 1
r−1 . If b = 0 then by Lemma 2.4(1) then π1(G) ⊆ 〈ǫ, τ〉 and
therefore b 6= 0 since G is regular. So G is conjugate to K1 by α0,bβn1,1 where n = a
1−r
rb−1
.
Let π2(G) = 〈β0,r, β1,1〉. If kerπ2|G = 〈σ〉, then
G = 〈σ, ǫaτbβ0,r, ǫ
cτdβ1,1〉.
According to the (K) conditions we have c = 1
r−1 and a = 0 and by (R) we have d = 0 and b = 1, i.e G = K2.
If kerπ2|G is generated by τ then
G = 〈τ, ǫaσbβ0,r, ǫ
cσdβ1,1〉.
From the (R) conditions we have that d = 0 and c = 1
r−1 . So, b 6= 0 otherwise π1(G) ⊆ 〈τ, ǫ〉. If b+ 1 = 0,
since (ǫaσbβ0,r)
p ∈ 〈τ〉 then a = 0, and soG = G−1 otherwiseG is conjugate toGb by βn1,1 where n = a
1−r
rb+1−1
.
Let π2(G) = 〈α1,1β0,r, β1,1〉. The condition (K) implies that kerπ2|G = 〈τ〉. Then
G = 〈τ, ǫaσbα1,1β0,r, ǫ
cσdβ1,1〉.
The (R) conditions imply that d = 0, c = 1
r−1 and b 6= 0. If b = −1 then a = 0, and so G = H−1. Otherwise,
G is conjugate to Hb by β
n
1,1 where n = a
1−r
rb+1−1 . 
Note that if p = 2 then r = −1.
Proposition 5.10. Let p = 2. If G is a regular subgroup of Hol(A), then |π2(G)| 6∈ {4, 4q}.
Proof. Let assume that G is a subgroup of size p2q of Hol(A) such that |π2(G)| = 4. Since A has a unique
q-Sylow subgroup, we have that G has the following standard presentation:
G = 〈ǫ, σaτbα1,1, σ
cτdβ0,−1〉
for some 0 ≤ a, b, c, d ≤ 1. By condition (R), we have c = a = 0 and so π1(G) ⊆ 〈τ, ǫ〉 by Lemma 2.4(1), i.e.
G is not regular.
Assume that |π2(G)| = 4q, so G has the following standard presentation:
G = 〈ǫauα1,1, ǫ
bvβ0,−1, ǫ
cwβ1,1〉
where u, v, w ∈ 〈σ, τ〉. Since α1,1β0,−1 = β0,−1α1,1, condition (R) leads to v ∈ 〈τ〉 and since the first
generator has order 2 we have u ∈ 〈τ〉. Then π1(G) ⊆ 〈τ, ǫ〉 and so G is not regular. 
The following results hold just for odd primes. In the proof we are the following fact: if p > 2 then
(17) (σaα1,1)
n = τa
n(n−1)
2 σnaαn1,1
for every n ∈ N.
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Lemma 5.11. Let p > 2. A set of representatives of conjugacy classes of regular subgroups G of Hol(A)
with |π2(G)| = p2 is
Ga = 〈ǫ, σ
aα1,1, τβ0,r〉 ∼= A,
for 1 ≤ a ≤ p− 1.
Proof. The groups Ga are regular. If Ga is conjugate to Gb by h ∈ Aut(A) then h ∈ N(π2(G)) and so
h = αi,jβ0,s. Then
hτβ0,rh
−1 = τ jβ0,r ∈ Gb
hσaα1,1h
−1 = τ iaσaαj1,1 ∈ Gb.
Then j = 1 and i = 0 and so we have that a = b.
Let G be a regular subgroup with |π2(G)| = p2. Then up to conjugation π2(G) = 〈α1,1, β0,r〉 and the
kernel of π2|G is the subgroup generated by ǫ. Hence, we can assume that
G = 〈ǫ, σaτbα1,1, σ
cτdβ0,r〉.
From the (R) conditions and (17) we have c = 0 and then d 6= 0. If a = 0 then according to Lemma 2.4(1)
we have π1(G) ⊆ 〈τ, ǫ〉, therefore a 6= 0 since G is regular. Then G is conjugate to Ga by the automorphism
α0,d−1α
− b
a
1,1 . 
Lemma 5.12. Let p > 2. A set of representatives of conjugacy classes of regular subgroups G of Hol(A)
with |π2(G)| = p
2q is
Ga = 〈σα1,1, τ
aβ0,r, ǫ
1
r−1β1,1〉 ∼= A,
for 1 ≤ a ≤ p− 1.
Proof. The groups in the statement are regular. If Ga and Gb are conjugate by h, then h normalizes the
center of Ga and Gb and so h = β0,j for some j. Then β0,j(τ)
aβ0,r = τ
aβ0,r ∈ Gb. Therefore a = b.
Let G be a regular subgroup of Hol(A) with |π2(G)| = p2q. The unique subgroup of order p2q up to
conjugation is 〈α1,1, β0,g, β1,1〉 ∼= A. Hence a standard presentation of G is the following:
G = 〈ǫauα1,1, ǫ
bvβ0,r, ǫ
cwβ1,1〉
for some uσxτy and v = σzτ t for some 0 ≤ x, y, z, t ≤ p− 1 and w ∈ 〈τ, σ〉. From (R) we have that w = 1
and since α1,1 is central in π2(G) we have z = 0 (and then x 6= 0, otherwise π1(G) ⊆ 〈ǫ, τ〉), a = b
rx−1
r−1 and
c = 1
r−1 . Thus,
G = 〈ǫb
rx−1
r−1 σxα1,1, τ
tǫbβ0,r, ǫ
1
r−1β1,1〉 = 〈(ǫ
bσ)xα1,1, τ
tǫbβ0,r, ǫ
1
r−1β1,1〉,
where t 6= 0 since G regular. Hence, using (17) we have that G is conjugate to Gt by h = α0,xα x−1
2 ,1
β−b,1. 
The following remark is analogous to Remark 3.15.
Remark 5.13. The skew braces of A-type which decompose as direct products are the following:
(i) the skew brace in Proposition 5.7.
(ii) the skew brace associated to the group Gc for 1 ≤ c ≤ p− 1 as defined in Lemma 5.8 is the direct
product of the trivial skew brace of size p and a skew brace of size pq with | kerλ| = q, see [2,
Theorem 3.9].
(iii) The skew brace associated to Ga for 1 ≤ a ≤ p− 1 as defined in Lemma 5.9 is the direct product of
the trivial skew brace of size p and a skew brace of size pq with | kerλ| = 1, see [2, Theorem 3.12].
According to the enumeration of skew braces of size pq collected in [2, Theorems 3.6, 3.9 and 3.12], a complete
list of skew braces of non-abelian type of size p2q that decompose as a direct product is given by the skew
braces above together with those in Remark 3.15.
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We summarize the contents of this subsection in the following tables.
| kerλ| Z2p × Zq Zp × (Zq ⋊g Zp)
1 - p− 1
p 1 2p− 1
q - p− 1
pq 2 2(p− 1)
p2 1 -
p2q - 1
| kerλ| Z4q Z
2
2 × Zq Z2 × (Zq ⋊−1 Z2) Zq ⋊−1 Z4
2 1 - 2 1
2q 1 1 1 1
4 - 1 - -
4q - - 1 -
Table 14. Enumeration of skew braces of A-type for q = 1 (mod p), q 6= 1 (mod p2): the
left table assume p > 2 and the right table assume p = 2.
6. Skew braces of size p2q with q = 1 (mod p2)
In this section we assume that q = 1 (mod p2) and we will denote by h a fixed element of order p2 in Z×q .
Accordingly, we have the following non-abelian groups of size p2q:
(i) Zq ⋊hp Zp2 = 〈σ, τ | τ
q = σp
2
= 1, στσ−1 = τh
p
〉.
(ii) Zp × (Zq ⋊hp Zp) = 〈σ, τ, ǫ |σp = τp = ǫq = 1, [ǫ, τ ] = [τ, σ] = 1, ǫτǫ−1 = σh
p
〉.
(iii) Zq ⋊h Zp2 = 〈σ, τ | τ
q = σp
2
= 1, στσ−1 = τh〉.
In the following table we have the enumeration of skew braces according to the additive and multiplicative
group.
+\◦ Zp2q Zq ⋊hp Zp2 Zq ⋊h Zp2 Z
2
p × Zq Zp × (Zq ⋊hp Zp)
Zq ⋊hp Zp2 2p 2p(p− 1) 2p(p− 1) - -
Zq ⋊h Zp2 2 2(p− 1) 2p(p− 1) - -
Zp × (Zq ⋊hp Zp) - - - 4 6p− 4
Table 15. Enumeration of skew braces of size p2q with q = 1 (mod p2) for p > 2.
+\◦ Z4q Zq ⋊−1 Z4 Zq ⋊h Z4 Z
2
2 × Zq Z2 × (Zq ⋊−1 Z2)
Zq ⋊−1 Z4 2 2 2 2 4
Zq ⋊h Z4 2 2 4 - -
Z2 × (Zq ⋊−1 Z2) 2 2 2 2 4
Table 16. Enumeration of skew braces of order 4q with q = 1 (mod 4).
6.1. Skew braces of Zq⋊hp Zp2-type. In this section we denote by A the group Zq⋊hp Zp2 . The automor-
phism of A can be described as in Section 5.1 and we employ the same notation. In particular, the subgroups
of order p, q and pq of Aut(A) coincide with the subgroups in Table 11. Therefore, if G is a regular subgroup
with |π2(G)| ∈ {q, p, pq} we can apply respectively, Lemma 5.1, 5.2 and 5.3.
Up to conjugation, the element of order p2 are contained in the subgroup of Aut(A) is given by 〈ϕ11,0, ϕ
0
h,0〉
∼=
Zp × Z2p. So, according to [25, Theorem 3.3], it has p+ 1 subgroups of order p
2, namely
(18) 〈ϕkh,0〉 and 〈ϕ
1
1,0, ϕ
0
hp,0〉,
for 0 ≤ k ≤ p− 1.
On the other hand, since 〈ϕ01,1〉 is the unique q-Sylow subgroup of Aut(A), we have that the subgroups
of size p2q in Aut(A) are the following p+ 1 subgroups:
(19) 〈ϕ11,0, ϕ
0
hp,0, ϕ
0
1,1〉 and 〈ϕ
k
h,0, ϕ
0
1,1〉,
for 0 ≤ k ≤ p− 1.
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Lemma 6.1. A set of representatives of conjugacy classes of regular subgroups G of Hol(A) with |π2(G)| = p2
is
Gb,k = 〈τ, σ
bϕkh,0〉
∼= Zq ⋊h Zp2 ,
for 0 ≤ k ≤ p− 1 and 1 ≤ b ≤ p− 1.
Proof. The groups in the statement are regular and arguing as in Lemma 5.2 we can show that they are not
conjugate. Let G be a regular subgroup of Hol(A) with |π2(G)| = p2. The unique subgroup of order q of A
is 〈τ〉. According to (18) we have two cases to consider.
(i) If π2(G) = 〈ϕ
k
h,0〉, then
G = 〈τ, τaσbϕkh,0〉 = 〈τ, σ
bϕkh,0〉,
where b 6= 0 (mod p), i.e. G = Gb,k.
(ii) If π2(G) = 〈ϕ
1
1,0, ϕ
0
hp,0〉, then we can argue as in Proposition 5.4, and prove that there are no such
regular subgroups. 
Lemma 6.2. A set of representatives of conjugacy classes of regular subgroups G of HolA with |π2(G)| = p2q
is
Gb,k = 〈σ
bϕkh,0, τ
1
hp−1ϕ01,1〉
∼= Zq ⋊h Zp2 ,
for 1 ≤ b ≤ p− 1 and 0 ≤ k ≤ p− 1.
Proof. The groups in the statement are regular and not conjugate (we can employ the same argument of 5.2
again). Let G be a regular subgroup of Hol(A) with |π2(G)| = p2q. According to (19) we have two cases
to consider. In the first one we have no regular subgroups by the same argument of Proposition 5.4. In the
second case, G has the standard presentation:
G = 〈τaσbϕkh,0, τ
cσdϕ01,1〉.
From the (R) conditions we have that
G = 〈τaσbϕkh,0, τ
1
hp−1ϕ01,1〉,
with b 6= 0 (mod p), otherwise π1(G) ⊆ 〈σp, τ〉. Then G is conjugate to Gc,k by a suitable power of ϕ11,0
where 1 ≤ c ≤ p− 1 and b = c (mod p).. 
Lemma 6.3. Let p = 2. A set of representatives of conjugacy classes of regular subgroups G of Hol(A) with
π2(G)| = 4 is given by
G1 = 〈τ, σϕ
1
1,0, σ
2ϕ0−1,0〉
∼= Z2 × (Zq ⋊−1 Z2), G2 = 〈τ, σϕ
0
h,0〉
∼= Zq ⋊h Z4.
Proof. Let G be a regular subgroup of Hol(A). If π2(G) = 〈ϕ11,0, ϕ
0
−1,0〉 we can argue as in Lemma 5.5 to
get G1. If π2(G) = 〈ϕkh,0〉 for k = 0, 1, arguing as in Lemma 6.1, we have
G = 〈τ, σϕkh,0〉.
If k = 1 then (σϕ1h,0)
2 = ϕ0−1,1 ∈ G and so G is not regular. Hence k = 0 and so G = G2. 
Lemma 6.4. Let p = 2. There exists two regular subgroups G of Hol(A) with |π2(G)| = 4q up to conjugation.
A set of representatives is given by
G1 = 〈τσϕ
1
1,0, τϕ
0
−1,0, τ
− 12ϕ01,1〉 ∼= Z2 × (Zq ⋊−1 Z2), G2 = 〈σϕ
0
h,0, τ
− 12ϕ01,1〉 ∼= Zq ⋊h Z4.
Proof. Let G be a regular subgroup of Hol(A). If π2(G) = ϕ
1
1,0, ϕ
0
−1,0〉, arguing as in Lemma 5.6 we get G1.
If π2(G) = 〈ϕ
k
h,0, ϕ
0
1,1〉, then we can argue as in Lemma 6.2, we have that G has the following standard
presentation:
G = 〈σϕkh,0, τ
− 12ϕ01,1〉.
If k = 1 then (σϕ1h,0)
2 = ϕ0−1,0 ∈ G and so G is not regular. 
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The results of this subsection are summarized in the following tables:
| kerλ| Zp2q Zq ⋊hp Zp2 Zq ⋊h Zp2
1 - - p(p− 1)
p p− 1 p(p− 1) -
q - - p(p− 1)
p2 1 - -
pq p p2 − p− 1 -
p2q - 1 -
| kerλ| Z4q Z
2
2 × Zq Z2 × (Zq ⋊−1 Z2) Zq ⋊−1 Z4 Zq ⋊h Z4
1 - - 1 - 1
2 - 1 1 1 -
q - - 1 - 1
4 1 - - - -
2q 1 1 1 - -
4q - - - 1 -
Table 17. Enumeration of skew braces of Zq ⋊hp Zp2 -type for q = 1 (mod p
2): the left
table assume p > 2 and the right table assume p = 2.
6.2. Skew braces of Zp×(Zq⋊hpZp)-type. In this section we denote by A the group Zp×(Zq⋊hpZp). The
regular subgroups of Hol(A) with size of the image under π2 equal to q, p, pq are the same as the one described
in Proposition 5.7, Lemma 5.8 and Lemma 5.9, respectively, since the subgroups of the automorphism group
of A of order p, q and pq coincide with the ones in the case q = 1 (mod p). Up to conjugation, the subgroups
of order p2 in Aut(A) are
(20) 〈α1,1, β0,hp〉, 〈α
k
1,1β0,h〉
for k = 0, 1.
Lemma 6.5. Let p > 2. A set of representatives of conjugacy classes of regular subgroups G of Hol(A) with
|π2(G)| = p2 is
Ga = 〈ǫ, σ
aα1,1, τβ0,hp〉 ∼= A,
for 1 ≤ a ≤ p− 1.
Proof. If the image of π2(G) = 〈α1,1, β0,hp〉 we can argue as in Lemma 5.11 to get Ga as in the statement.
We show that if π2(G) = 〈αk1,1β0,h〉 for 0 ≤ k ≤ p− 1 then G is not regular. Indeed if
G = 〈ǫ, σaτbαk1,1β0,h〉.
If k = 0 then (σaτbβ0,h)
p = βp0,h ∈ G. Otherwise, since p > 2, then
(σaτbα1,1β0,h)
p = τbp+
p(p−1)a
2 σapαp1,1β
p
0,h = β
p
0,h ∈ G
and so G is not regular, according to Lemma 2.3. 
Lemma 6.6. Let p > 2. A set of representatives of conjugacy classes of regular subgroups G of Hol(A) with
|π2(G)| = p2q is
Ga = 〈σα1,1, τ
aβ0,hp , ǫ
1
hp−1β1,1〉 ∼= A
for 1 ≤ a ≤ p− 1.
Proof. If the p-Sylow of the image of π2(G) is not cyclic we can conclude as in Lemma 5.12. We show that
if π2(G) = 〈β1,1, α
k
1,1β0,h〉, then G is not regular. Indeed if
G = 〈ǫauβ1,1, ǫ
bvαk1,1β0,h〉
for some u, v ∈ 〈σ, τ〉, from the condition (R) we have u = 1, i.e. G = 〈ǫaβ1,1, ǫbvαk1,1β0,h〉 where v = σ
bτc.
Since p > 2, then
(ǫaσbτcα1,1β0,h)
p = ǫsτcp+b
p(p−1)
2 σbpαp1,1β
p
0,h = ǫ
sβp0,h
for some s. So,
(ǫ
1
h−1β1,1)
−s(h−1)ǫsβp0,h = β
s(1−h)
1,1 β
p
0,h ∈ G
and so G is not regular. 
Note that in the case p = 2 then h2 = −1.
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Lemma 6.7. Let p = 2. There exists a unique conjugacy class of regular subgroups G of Hol(A) with
|π2(G)| = 4. A representative is given by
H = 〈ǫ, σα1,1β0,h〉 ∼= Zq ⋊h Z4.
Proof. If π2(G)| is generated by α1,1 and β0,−1, so G is not regular by Proposition 5.10. Assume that
π2(G) = 〈αk1,1β0,h〉, then G has the following standard presentation
G = 〈ǫ, σaτbαk1,1β0,h〉
If k = 0, then (σaτbβ0,h)
2 = β20,h ∈ G and so G is not regular. Then k = 1 and a = 1, otherwise
π1(G) ⊆ 〈τ, ǫ〉. Then G is conjugate to H by a suitable power of α1,1. 
Lemma 6.8. Let p = 2. There exists a unique conjugacy class of regular subgroups G of Hol(A) with
|π2(G)| = 4q. A representative is given by
H = 〈σα1,1β0,h, ǫ
− 12 β1,1〉 ∼= Zq ⋊h Z4.
Proof. If π2(G) = 〈α1,1, β0,−1, β1,1〉, then G is not regular by Proposition 5.10. Assume that π2(G) =
〈αk1,1β0,h, β1,1〉 for k = 0, 1, so G has the following standard presentation
〈τaǫbσcαk1,1β0,h, τ
dǫeσfβ1,1〉.
By condition (R), we have f = d = 0, e = − 12 and c = 1. Up to conjugation by α1 we can assume a = 0. If
k = 0 then (ǫbσαk1,1β0,h)
2 = β20,h ∈ G and then G is not regular. Then k = 1 and G is conjugate to H by a
suitable power of β1,1. 
According to Lemma 6.5 and Lemma 6.6, the enumeration of the skew braces of Zp × (Zq ⋊hp Zp)-type
with q = 1 (mod p2) and p > 2 is as in table 14. The following table collect the enumeration for the case
p = 2.
kerλ Z4q Z
2
2 × Zq Z2 × (Zq ⋊−1 Z2) Zq ⋊−1 Z4 Zq ⋊h Z4
1 - - - - 1
2 1 - 2 1 -
4 - 1 - - -
q - - - - 1
2q 1 1 1 1 -
4q - - 1 - -
Table 18. Enumeration of skew braces of size D4q-type with q = 1 (mod 4).
6.3. Skew braces of Zq ⋊hZp2-type. In this section, we denote by A the group Zq ⋊hZp2 . A presentation
of such group is
G = 〈σ, τ | σp
2
= τq = 1, στσ−1 = τh〉.
According to [8, Theorem 3.4], the map
φ : Zq ⋊ Z
×
q −→ Aut(A), (i, j) 7→ ϕi,j =
{
τ 7→ τ j
σ 7→ τ iσ
,
is a group isomorphism. Since q = 1 (mod p2), then p2q divides |Aut(G)| = q(q − 1) and so we need to
discuss all the possible values of |π2(G)|.
A set of representatives of the conjugacy classes of subgroups of Aut(A) is displayed in Table 19
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Size Group Class
p 〈ϕ0,hp 〉 Zp
q 〈ϕ1,1〉 Zq
pq 〈ϕ0,hp , ϕ1,1〉 Zq ⋊hp Zp
p2 〈ϕ0,h〉 Zp2
p2q 〈ϕ1,1, ϕ0,h〉 A
Table 19. Conjugacy classes of groups of Aut(A).
Lemma 6.9. The unique skew brace of A-type with | kerλ| = p2 is (B,+, ∗) where (B,+) = Zq ⋊h Zp2 and(
x1
x2
)
◦
(
y1
y2
)
=
(
hx1 + h
x2y1
x2 + y2
)
.
for every 0 ≤ x1, x2 ≤ q − 1 and every 0 ≤ y1, y2 ≤ p2 − 1. In particular, (B, ◦) ∼= Zp2q.
Proof. Let G be a regular subgroup of Hol(A) with |π2(G)| = p2. Then we can assume that π2(G) = 〈ϕ1,1〉
which is normal in Aut(A). Since all p-Sylow subgroups of A are conjugated to each other and have order
p2, we can assume that G has the standard presentation
G = 〈σ, τaσbϕ1,1〉 = 〈σ, τ
a′ϕ1,1〉,
for some a′ 6= 0. The (K) condition is fulfilled if and only if a = 1
h−1 .
The structure of the skew brace associate to G can be obtained as in Lemma 5.1. 
The group H = 〈τ, ϕ1,1〉 is normal in Hol(A) and Hol(A)/H ∼= Zp2 × Zq × Z
×
q .
Lemma 6.10. The skew braces of A-type with | kerλ| = pq are (Bc,+, ◦) where (Bc,+) = Zq ⋊h Zp2 and
(Bc, ◦) = Zq ⋊hcp+1 Zp2 ∼= A for 1 ≤ c ≤ p− 1.
Proof. The subgroup
Gc = 〈τ, σ
p, σcϕ0,hp〉 ∼= A
is regular. If Gc and Gd are conjugate, then their images in Hol(A)/H coincides and so 〈σp, σcϕ0,hp〉 =
〈σp, σdϕ0,hp〉. Then c = d.
The unique subgroup of A of order pq is 〈τ, σp〉. Hence if G is a regular subgroup of Hol(A), we can
assume that G = Gc for some c 6= 0.
Using the same argument as in Lemma 3.2 we can describe the structure of the skew brace Bc associated
to Gc. 
Lemma 6.11. A set of representatives of conjugacy classes of regular subgroups G of Hol(A) such that
|π2(G)| = pq is
Gc = 〈σ
p, σcϕ0,hp , τ
1
h−1ϕ1,1〉 ∼= A,
for 1 ≤ c ≤ p− 1.
Proof. The subgroups Gc for 1 ≤ c ≤ p− 1 are regular and arguing as in Lemma 6.10 we can show that they
are not conjugate.
Let G be a regular subgroup of Hol(A) with |π2(G)| = pq. According to the Table 19, we can assume that
π2(G) = 〈ϕ0,hp , ϕ1,1〉. The subgroups of order p of A are 〈τaσp〉 for some a. Since ϕ1,1 is in the normalizer
of π2(G), up to conjugation by ϕ
−a
1,1 we can assume that a = 0. So, G has the standard presentation
G = 〈σp, τbσcϕ0,hp , τ
dσeϕ1,1〉
for some 0 ≤ c, d ≤ p − 1 and 0 ≤ b, d ≤ q − 1. From the (R) conditions it follows that e = 0 (mod p),
d = 1
h−1 and b = 0. Thus G = Gc. 
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Lemma 6.12. A set of representatives of conjugacy classes of regular subgroups G of Hol(A) such that
|π2(G)| = p2 is
Gb = 〈τ, σ
bϕ0,h〉 ∼=

Zp2q, if b = −1 (mod p
2),
Zq ⋊hp Zp2 , if b = −1 (mod p) and b 6= −1 (mod p
2),
Zq ⋊h Zp2 , otherwise,
where 1 ≤ b ≤ p2 − 1 and b 6= 0 (mod p).
Proof. By the same argument as in Lemma 6.10, the groups in the statement are not pairwise conjugate.
Let G be a regular subgroup of Hol(A) with |π2(G)|0p2. Since A has a unique subgroup of order q and
according to the Table 19, we have that every regular subgroup G has the standard presentation:
Gb = 〈τ, σ
bϕ0,h〉,
for b 6= 0 (mod p), i.e. G = Gb. 
Lemma 6.13. A set of representatives of conjugacy classes of regular subgroups G of Hol(A) with |π2(G)| =
p2q is
Gd = 〈τ
1
h−1ϕ1,1, σ
dϕ0,h〉 ∼= A
for 0 ≤ d ≤ p2 and d 6= 0 (mod p).
Proof. Let G be a regular subgroup with |π2(G)| = p2q. According to the Table 19, we can assume that a
standard presentation is:
G = 〈τaσbϕ1,1, τ
cσdϕ1,h〉.
According to the (R) conditions, then b = 0, a = 1
h−1 and d 6= 0 (mod p), otherwise π1(G) ⊆ 〈τ〉. Hence,
G = 〈τ
1
h−1ϕ1,1, τ
cσdϕ0,h〉,
for d 6= 0 (mod p). If d = −1, then c = 0 since τcσdϕ0,h has order p, otherwise G is conjugate to Gd by
ϕ1,−c h−1
hd+1−1
. 
We summarize the contents of this subsection in the following table:
| kerλ| Zp2q Zq ⋊hp Zp2 Zq ⋊h Zp2
1 - - p(p− 1)
p - p− 1 -
q 1 p− 1 p(p− 2)
p2 1 - -
pq - - p− 1
p2q - - 1
Table 20. Enumeration of skew braces of Zq ⋊h Zp2 -type for q = 1 (mod p
2).
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